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1 Introduction 

In this paper we will consider the energy subcritical, non-linear wave equation in R 3 with 
radial initial data. 

d 2 u- Au = ±\u\ p ~ 1 u, (x, t) £ R 3 x E; 

u\ t=0 = u £H S ?(R 3 ); (1) 
dtu\t=o = ui € H Sp ~ 1 ( 

Here 3 < p < 5 and 



2 p- 1 

The positive sign in the non-linear term gives us the focusing case, while the negative sign 
indicates the defocusing case. The following quantity is called the energy of the solution. 
The energy is a constant in the whole lifespan of the solution, as long as it is well-defined. 

E{t) = \l {\d t u(x,t)\ 2 + \Vu(x,t)\ 2 )dxT-^— I \u(x,t)\P +1 dx. (2) 

2 P + 1 J R 3 

Please note that the energy could be a negative number in the focusing case. 

Previous Results in the Energy-critical Case In the energy-critical case, namely 
p = 5, the initial data is in the energy space H 1 x 1? . This automatically guarantees 
the existence of the energy by the Sobolev embedding. This kind of wave equations have 
been extensively studied. In the defocusing case, M. Grillakis (See proved the global 

existence and scattering of the solution with any H 1 x I? initial data in 1990's. In the 
focusing case, however, the behavior of solutions is much more complicated. The solutions 
may scatter, blow up in finite time or even be independent of time. Please see [U [9] 
for more details. In particular, a solution independent of time is usually called a ground 
state or a soliton. This kind of solutions are actually the solutions of the elliptic equation 
—AW(x) = We can write down all the nontrivial radial solitons explicitly 

as below. The letter A here is an arbitrary positive parameter. 

1 / \x\^- 1/2 



W(x) = ± W5 ll + ^) . (3) 
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Energy Subcritical Case We will consider the case 3 < p < 5 in this paper, thus 
1/2 < s p < 1. In this case the problem is critical in the space H Sp (M. 3 ) x H Sp ^ 1 (R 3 ), 
because if u(x,t) is a solution of (P) with initial data (uo,ui), then for any A > 0, the 
function 

1 fx t 

is another solution of the equation ([1]) with the initial data 

which shares the same H Sp x H s p~ 1 norm as the original initial data (no, u\). These scalings 
play an important role in our discussion of this problem. 

Theorem 1.1. (Main Theorem) Let u be a solution of the non-linear wave equation ([!]) 
with radial initial data (uq,ui) £ H Sp x H Sp ~ 1 (M 3 ) and a maximal lifespan I so that 

sup || (it, d t u)\\ xi ^ P -i < oo. (4) 

Then u is global in time (I = M) and scatters, i. e. 

\\ u {x,t)\\ S (R) < oo, or equivalently \\u(x,t)\\ Ysp (R) < oo. 

This is actually equivalent to saying that there exist two pairs (ug and (v,q,uY) in the 
space H Sp x H Sp ~ 1 such that 

Jim^ \\(u(t) - S(t)(ut,uf ),d t u(t) - d t S(t)(ut,uf ))\\hs px hs p -i=0. 

HereS{t){v± ,uf) is the solution of the Linear Wave Equation with the initial data (u^,uf). 
Please refer to section 2 for the definition of the S and Y s norms. 

Remark on the Defocusing Case As in the energy-critical case, we expect that the 
solutions always scatter. Besides the radial condition, the main theorem depends on the 
assumption fl2J), which is expected to be true for all solutions. Unfortunately, as far as the 
author knows, no one actually knows how to prove it without additional assumptions. 

Remark on the Focusing Case In the focusing case, the solutions may blow up in finite 
time. (Please see theorem 16.21 for instance) Thus the assumption (J3]) is a meaningful and 
essential condition rather than a technical one. The main theorem gives us the following 
rough classification of the radial solutions. 

Proposition 1.2. Let u(t) be a solution of (0) in the focusing case with a maximal lifespan 
I and radial initial data (uo,ui) G H Sp x H Sp ~ 1 (R 3 ) . Then one of the following holds for 
u(x, t). 

• (I) (Blow-up) The H Sp x H Sp ~ l norm of (u(t) , dtu(t)) blows up, namely 

sup [| (-"(*), 9tu(t))\\H«pxH e P- 1 = +°°- 
te/ 

• (II) (Scattering) If the upper bound of the H Sp x H Sp ^ 1 norm above is finite instead, 
namely, the assumption Q) holds, then u(t) is a global solution (i.e I = M.) and 
scatters. 
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Main Idea in this Paper The main idea to establish theorem 11.11 is to use the com- 
pactness/rigidity argument, namely to show 

• (I) If the main theorem failed, it would break down at a minimal blow-up solution, 
which is almost periodic modulo scalings. 

• (II) The minimal blow-up solution is in the energy space. 

• (III) The minimal blow-up solution described above does not exist. 

Step (I) The method of profile decomposition used here has been a standard way to 
deal with both the wave equation and the Schrodinger equation. Thus we will only give 
important statements instead of showing all the details. The other steps, however, depend 
on the specific problems. One could refer to [1] in order to understand what is the profile 
decomposition, and to O Q2] in order to see why the profile decomposition leads to the 
existence of a minimal blow-up solution. 

Step (II) We will combine the method used in my old paper [20] and a method used in 
C.E.Kenig and F. Merle's paper [TT] on the supercritical case of the non-linear wave equation 
m R 3 . The idea is to use the following fact. Given a radial solution u(x,t) of the equation 



in the time interval I, if we define two functions w, h : IR + x / — > K, such that w(|x|,t) = 
\x\u(x,t) and h(\x\,t) = \x\F(x,t), then w(r,t) is a solution of the one-dimensional wave 
equation d^w(r,t) — d^w(r,t) = h(r,t). This makes it convenient to consider the integral 



as the parameter t moves. 

Step (III) Given an energy estimate, all minimal blow-up solutions are not difficult to 
kill except for the soliton-like solutions in the focusing case. As I mentioned earlier, this 
kind of solutions actually exist in the energy-critical case. The ground states given in ([3]) 
are perfect examples. In the energy subcritical case, however, the soliton does not exist 
at all. More precisely, none of the solutions of the corresponding elliptic equation is in 
the right space H Sp . This fact enables us to gain a contradiction by showing a soliton-like 
minimal blow-up solution must be a real soliton, which does not exist, using a new method 
introduced by Thomas Duyckaerts, Carlos Kenig and Frank Merle. They classified all radial 
solutions of the energy-critical, focusing wave equation in their recent paper [1] using this 
"channel of energy" method. 

Remark on the Supercritical Case Simultaneously to this work, Thomas Duyckaerts, 
Carlos Kenig and Frank Merle [3j proved that similar results to those in this paper also hold 
in the supercritical case p > 5 of the focusing wave equation, using the compactness/rigidity 
argument, a point- wise estimate on "compact" solutions obtained in the paper [11] and the 
"channel of energy" method mentioned above. 



0; 



%u{x, t) - Au(x, t) = F(x, t) 




2 dr. 
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2 Preliminary results 



2.1 Local Theory with H s ? x H 8 *- 1 ^) Initial Data 

In this section, we will review the theory for the Cauchy problem of the nonlinear wave 
equation ([1]) with initial data in the critical space H Sp x H Sp ~ 1 (W i ). The same local theory 
works in both the focusing and defocusing cases. It could be also applied to the non-radial 
case. 

Space-time Norm Let I be an interval of time. The space-time norm is defined by 

IKM)IIl«L'-(IxRS) = [J i {^J^ z \v(x,t)\ r dx^ dt\ 
This is used in the following Strichartz estimates. 

Proposition 2.1. Generalized Strichartz Inequalities (Please see proposition 3.1 of 
here we use the Sobolev version in M 3 ) Let 2 < qi,q2 < oo, 2 < r±,r2 < oo and 
Pi j P2 j s ^ K with 

l/qi + l/r f < 1/2; i = 1, 2. 

1/qi + S/n =3/2-s + Px . 

l/q 2 + 3/r 2 = 1/2 + S + P2- 

In particular, if (qi,r\,s, p\) = (q,r,m,0) satisfies the conditions above, we say (q,r) is an 
m- admissible pair. 

Let u be the solution of the following linear wave equation 

d\u- Au = F(x,t), (x, t) e I 3 x E; 

u\t=o = u Q £ H S (R 3 ); (5) 
d t u\ t=0 = Ul G H*-^ 



Then we have 

\\(u(T),d t u(T))\\ tis x ^ s _x + ll^ll^n^ x r3) 
< C (\\(u ,ui)\\^ s x + ||£>~ p2 F(a;,i)|| L g 2Lf2 ^^ r ^ x r3 ^ • 
The constant C does not depend on T. 

Definition of Norms Fix 3 < p < 5. We define the following norms with s p < s < 1 

\\v(x,t)\\ S (i) = \\v{x,t)\\ L 2( P -i )L 2( P -i) {IxR 3y, 
\\v{x,t)\\ w{1) = \\v{x,t)\\ L 4 L 4 {IxR 3y, 

\\v(x,t)\\z s{ i) = \\< x ^W L ^ L ^ {IxR sy 

\\v(x,t)\\ Ys (I) = \\v(x,t)\\ 2p 2p 

L »+i-(2p-a)(»-«p) L~ (I x R ) 
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Remark By the Strichartz estimates, we have if u(x, t) is the solution of 

dfu- Au = F(x,t), (x, t) G M 3 x E; 
u| t=0 = u G# s (IR 3 ); 
^«|t=o = «i€ff'- 1 (R 3 ). 

then 

||(u(r),^«(r))||^., x + ||n||y s( [ 0j T]) 

< C (||(t*o,«i)||^-. x ^s-i + \\F(x,t)\\z.([o,T\)) ■ 

Definition of Solutions We say u(t)(t G /) is a solution of ([1]), if (u,dtu) G C(I;H Sp x 

H Sv ~ l ), with finite norms an d ||-D| P ^^Hw^J) f° r an y bounded closed interval 

J Q I so that the integral equation 

tl(t)=5(t)(«o,«l)+ t S -^^^F( U (T))dT 

Jo V— A 

holds for all time t E I. Here <S(t)(ito, ^i) is the solution of the linear wave equation with 
initial data (uo,«i) and 

F(u) = ±|u| p ~V 

Remark We can take another way to define the solutions by substituting S(I) and W(I) 
norms by a single Y s (I) norm. Using the Strichartz estimates, these two definitions are 
equivalent to each other. 

Local Theory By the Strichartz estimate and a fixed-point argument, we have the fol- 
lowing theorems. (Please see [16] for more details) 

Theorem 2.2. (Local solution) For any initial data (uo,u\) G H Sp x H 8 ^ 1 , there is a 
maximal interval (—T-(uq,ui),T + (uq,ui)) in which the equation has a solution. 

Theorem 2.3. (Scattering with small data) There exists 5 = 6(p) > such that if 
the norm of the initial data \\(uo,ui)\\^s Px ^ Sp -i < 5, then the Cauchy problem (OP has a 
global-in-time solution u with ||ii||s(-oo,+oo) < °°- 

Lemma 2.4. (Standard finite blow-up criterion) If T + < oo, then 

\\ u \\s([0,T+)) = OO. 

Theorem 2.5. (Long time perturbation theory) (See H 0, C3 HHP Let M, A, A' be 

positive constants. There exists Eq = Eo(M, A, A') > and f3 > such that if e < Eq, 
then for any approximation solution u defined on M 3 x I (0 G I) and any initial data 
(u ,ui) G H s p x H^ 1 satisfying 

(<9 t 2 - A) (u) - F(u) = e(x, t) , (x, t) G M 3 x I; 
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sup te/ \\(u(t),d t u(t))\\f IspxAsp -i < A, 
\\u\\ S (i) < M, 

\\Dx P 1//2 u||vk(J) < 00 f or eac h J CC I; 
(u - n(0),ui - d t u(0))\\jj Spx jjsp-i < -4'; 



(6) 



x 2 e|| L 4/3 L 4/3 + [|-S , (t)(« - u{0),ui - d t u(0))\\ S (i) < e\ 



there exists a solution of UP defined in the interval I with the initial data (uq,ui) and 
satisfying 

\W\\s(I) < C(M,A,A'); 

sup \\((u(t),d t u(t)) - ((u(t),d t u(t))\\ H*rxH* P -i ^ °( M > A > A ')( A ' + e + A 
tei 

Theorem 2.6. (Perturbation theory with Y Sp norm) Let M be a positive constant. 
There exists a constant £q = £q(M) > 0, such that if e < £0, then for any approximation 
solution u defined on R 3 x I (0 E I) and any initial data (uq,ui) E H Sp x H s p~ 1 satisfying 

(df - A)(u) - F(u) = e(x,t), (x,t) el 3 x/; 

IN|y s m < M ; 11(^(0), ^u(0))||^ Spx ^ Sp -i < 00; 



\e(x,t)\\ ZspiI) + \\S(t)(u -m,ui-d t u(0))\\ Ysp{I) 



< e: 



there exists a solution u(x,t) of (CP defined in the interval L with the initial data (uq,u\) 
and satisfying 

\\u(x,t)-u(x,t)\\ Ysp{I) <C(M)e. 



sup 



u(t) 
d t u(t) 



d t u(t) J °W \ Ul -d t u(0) 



< C(M)e. 



H s pxH s p- 



Remark If K is a compact subset of the space H Sp x H s p~ 1 , then there exists T = 
T(K) > such that for any (uq,ui) E K, T+(uo,ui) > T(K). This is a direct result from 
the perturbation theory. 



2.2 Local Theory with more regular initial data 

Let s E (s p , 1]. By a similar fixed argument we can obtain the following results. 

Theorem 2.7. (Local solution with H s x iiP 1 initial data) If (u ,ui) E H s x H s ~ l , 
then there is a maximal interval (— T_(uo, iti), T + (uo, tti)) zn which the equation has a 
solution u(x, t) . In addition, we have 

r_(«o,tti),r + («o,«i) > Ti = c 8>p (||(uo,«i)||h.xh.-i)" 1/( *"* ,,) ; 

ll«(^>*)lln([-Ti,2i]) < C s , p \\(u , «i)|| J ff. Xj ff.-i. 
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Theorem 2.8. (Weak long-time perturbation theory) Let u be a solution of the 
equation (FTP in the time interval [0, T] with initial data (uq,ui), so that 

\\(uo,Ui)\\hs x hs-i < oo; |N|y s([0jT]) < M. 

There exist two constants £q (T, M) , C(T, M) > 0, such that if (uq,ui) is another pair of 
initial data with 

||(«o - uo,ux - «i)[|jy. xJ j«-i < e (T,M), 

then there exists a solution u of the equation HJj in the time interval [0, T] with initial data 
(uq, «i) so that 

\\ U ~ U \\y s ([0,T]) < C{T,M)\\(U - UQ,Ui - «l)[|jy sxi y s -i; 

sup \\{u{t) - u(t),d t u(t) - 9fu(i))||^ Sxi j s _i < C(T,M)\\(u - uq,ui - ui)\\^ ax g a -i. 
te[o,T\ 

2.3 Notations and Technical Results 

The Symbol < Throughout this paper, the inequality A < B means that there exists a 
constant c, such that A < cB. In particular, a subscript of the symbol < implies that the 
constant c depends on the parameter(s) mentioned in the subscript but nothing else. 

The Smooth Frequency Cutoff In this paper we use the notations P<a and -P>a for 

the standard smooth frequency cutoff operators. In particular, we use the following notation 
on u for convenience. 

u<a = P<au; U>A = P>au. 

Notation for Radial Functions If u(x,t) is radial in the space, then u(r,t) represents 
the value u(x,t) when \x\ = r. 

Linear Wave Evolution Let (uq, u\) € H s x i7 s_1 (IR 3 ) be a pair of initial data. Suppose 
u(x, t) is the solution of the following linear wave equation 

d 2 t u - Au = 0, (x, t) G M 3 x K; 
u\ t =o = u ; 
d t u\ t =o = Ml- 

We will use the following notations to represent this solution u. 

S(t )(u ,ui) = u(t ); 
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Method of Center Cutoff Let (v ,v{) G H 1 x L 2 (M 3 \ 5(0, r)) be a pair of radial 
functions. We define (5 > r) 



(* fl «0)(x) 



(* fl «i)(a:) 



vo(x), if |x| > 5; 
vo(R) if |x| < 5. 

vi(x), if |x| > 5; 
0, if Id < 5. 



Lemma 2.9. Glue of H s Functions Let —1 < s < 1. Suppose f(x) is a tempered 
distribution defined on M 3 such that (R > 0) 



fi(x), x G 5(0,25) 
/ 2 (x), xGM 3 \5(0,5) 



with /i,/ 2 G 5'" 



TTien / is in £/ie space 5 s (M 3 ) and 

<C(s)(ll/lH^(K3) + ll/2ll^ 



Proof By a dilation we can always assume 5=1. Let 4>{x) be a smooth, radial, nonneg- 
ative function such that 

1, x G 5(0,1) 
0, xGM 3 \5(0,2) 



<t>{x) 



Let us define a linear operator: P(f) = <p(x)f. We know this operator is bounded from 
H 1 ^) to i^QR 3 ), and from L 2 (R 3 ) to L 2 (R 3 ). Thus by an interpolation, this is a bounded 
operator from H s to itself if < s < 1. By duality P is also bounded from H s to itself if 
— 1 < s < 0. In summary, 5 is a bounded operator from H s to itself for each — 1 < s < 1. 
Now we have 

/ = Pfl + h ~ Pf2 

as a tempered distribution. Thus 

ll/ll j. < 115/iU^ + \\f 2 \\ At + ||5/ 2 ||^ < (||P|| 8 + l)(||/i||^ + \\f2\\ H s). 

Lemma 2.10. Let u(x,t) be a solution of the non-linear wave equation (QP with the condi- 
tion then 



cos ((r - t)V = A)5(u(r))d7 



< 1. 



(7) 



H s pxH s p- 



Proof Directly from the following identity. 



sin((r-t) v /z A) 



F(u(r))dT 



\ 



cos 



((t -t)V^A)F(u(T))di 



S(t - u 



u(ti) 
d t u(ti) 



S(t - t 2 ) 



u(t 2 ) 
d t u(t 2 ) 



(8) 
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Lemma 2.11. (Please see lemma 3.2 of f77]7 J Let 1/2 < s < 3/2. Ifu(y) is a radial H S (M. 3 ) 
function, then 

Hy)\ < s —t—IHIhs- (9) 
\y\ 2 

Remark This actually means that a radial H s function is uniformly continuous in R 3 \ 
B(0,R) if R>0. 

Lemma 2.12. Let r\, r^ > and to,tx 6 R so that n + r2 < ti — to- Suppose (uq,ui) is a 
weak limit in the space H Sp x H Sp ~ l as below 

f T sm((t - to)^/^A) „. . , 
n = lim / — ^ — 7 =^- J -F(t)dt; 



ui = - lim / cos((t - t )V^A)F(t)dt. 

Here F(x,t) is a function defined in [ti,oo) x R 3 with a finite Z s ([ti,T]) norm for each 
T > t\. In addition, we have (1/2 < si < 1, x * s a characteristic function of the region 
indicated) 

S = llx N > fa+ [^[(x,t)J , (x,t)|| £ij . 1J j_ (fci0o)xR3) < +oo. (10) 

Then there exists a pair (uq,ui) with \\(uq, &l)||.H-sixfl' s i- 1 (R 3 ) — Cs 1 S an d 

(uo,ui) = (uq,ui) in the ball B(0,n). 



Proof Let us define 



T 



sin 



((t-to)V=A) 



m ,t = / ^j— = F(t)dt; 



ti 

T 



u 1)T = - ( cos((t - t )V^A)F(t)dt. 
Jh 



r 



sin 



u llT = ~[ cos((t-t )^A)( X F(t))dt. 
Jti 

By the Strichartz estimates and the assumption (|1U|) . we know the pair (uo,t, u i,t) converges 
strongly in H Sl x H Sl ~ x to a pair («o,«i) as T — )• +oo so that 

||(^0)'"l)|lHnxii" s i- 1 (R 3 ) — Csi'S'- 



In addition, we know the pair (■Uo,t,«i,t) is the same as (uo,t j '"i,t) hi the ball B(0,n) by 
strong Huygens' principal. The figure [1] shows the region where the value of F(x, t) may 
affect the value of the integrals in the ball B(0, r%). This region is disjoint with the cutoff 
area if r\ + r^ < t\ — to- As a result, the pair (uo.Ti^i.t) converges to (iio,iii) weakly 
in the ball B(0,r\) as the pair (uq^t,ui,t) does. Considering both the strong and weak 
convergence, we conclude 

(uq, «i) = (uq, ui) in the ball -B(0, r\). 
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n 

Figure 1 : Illustration of Proof 

3 Compactness Process 

As we stated in the first section, the standard technique here is to show if the main theorem 
failed, there would be a special minimal blow-up solution. In addition, this solution is almost 
periodic modulo symmetries. 

Definition A solution u(x,t) of ([T]) is almost periodic modulo symmetries if there exists 
a positive function X(t) defined on its maximal lifespan / such that the set 

is precompact in the space H Sp x H Sp ~ 1 (M 3 ). The function X(t) is called the frequency scale 
function, because the solution u(t) at time t concentrates around the frequency X(t) by the 
compactness. 

Please note that here we use the radial condition, thus the only available symmetries are 
scalings. If we did not assume the radial condition, similar results would still hold but the 
symmetries would include translations besides scalings. 

3.1 Existence of Minimal Blow-up Solution 

Theorem 3.1. (Minimal blow-up solution) Assume that the main theorem failed. Then 
there would exist a solution u(x, t) with a maximal lifespan I such that 

sup\\(u(t),d t u(t))\\ Asp xi j Sp -i < oo, 

m 
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u blows up in the positive direction at time T + < +00 with 

\\u\\s([0,T+)) = OO. 

In addition, u is almost periodic modulo scalings with a frequency scale function X(t). It is 
minimal in the following sense, if v is another solution with a maximal lifespan J and 

sup 1 1 (v (t ) , d t v (t ) ) 1 1 ijs p x k s p - 1 < sup 1 1 (u (t ) , d t u(t ) ) 1 1 k s v - 1 , 
teJ tei 

then v is a global solution in time and scatters. 

The main tool to obtain this result is the profile decomposition. One could follow the 
argument in [12] in order to find a proof. In that paper C.E.Kenig and F. Merle deal with 
the cubic defocusing NLS under similar assumptions. 

3.2 Three enemies 

Since the frequency scale function X(t) plays an important role in the further discussion, 
it is helpful if we could make additional assumptions on this function. It turns out that 
we could reduce the whole problem into the following three special cases. This method of 
three enemies was introduced in R.Killip, T.Tao and M.Visan's paper |15j . 

Theorem 3.2. (Three enemies) Suppose our main theorem failed, then there would exist 
a minimal blow-up solution u satisfying all the conditions we mentioned in the previous 
theorem, so that one of the following three assumptions on its lifespan I and frequency scale 
function X(t) holds 

• (I) (Soliton-like case) I = R and X(t) = 1. 

• (II) (High-to-low frequency cascade) I = R, X(t) < 1 and 

liminf X(t) = 0. 

• (III) (Self-similar case) I = R+ and X(t) = 1/t. 

Please note that the minimal blow-up solution u here could be different from the one we 
found in the previous theorem. But we can always manufacture a minimal blow-up solution 
in one of these three cases from the original one. One can follow the method used in the 
paper |15j to verify this theorem. 

3.3 Further Compactness Results 

Fix a radial cutoff function ip(x) G C°°(R 3 ) with the following properties. 

r =0, \x\<l/2; 
tp{x) I G [0,1], 1/2 < \x\ < 1; 
1=1, \x\ > 1. 

Given a minimal blow-up solution u mentioned above and its frequency scale function X(t), 
we have the following propositions by a compactness argument. 



11 



Proposition 3.3. Let u be a minimal blow-up solution with a maximal lifespan I as above. 
There exist constants d, C > and C\ > 1 independent of t such that 

(i) The interval [f — dX (t),t + dA _1 (i)] C J for all t 6 J. in addition, for each t' € 
[t - dA" 1 ^)^ + dA _1 (i)], we We 

^A(i) < A(i') < dA(i). (11) 

(ii) The following estimate holds for each s p -admissible pair (q,r) and each t £ I. 

^^^([t-dX-^^^ + dX- 1 ^)] x R 3 ) ~ C '- 

Proposition 3.4. Given e > 0, there exists R\ = R\{e) > 0, such that the following 
inequality holds for each t £ I. 

Proposition 3.5. There exists two constants Ro,r]o > 0, such that the following inequality 
holds for each t £ I. (The constant d is the same constant we used in proposition \3.3\) 

t+d\- L (t) r I / T w+i 

J^^fl dxdr > X(t) 2 - 2s ? m . 

\x\KRo\-Ht) \ x \ 

Proof By a compactness argument we obtain that there exist Ro,t]q > 0, so that for all 
t G /, 

d r ( x(t) 2n P -rM ^ l ( t )^^ 1 (t)r + t)\r +1 

/ i — i dxdr > t]q. 

J\x\<Ro \ x \ 



This implies 



u(X- 1 (t)x,X- 1 (t)T + t)\P+ 1 dxdr 

>Vo- 



o J\ x \<Ro A-i(t)|x| A (t)W +1 

1 f d f \u(X- 1 {t)x,X- 1 {t)T + t)\P +1 dxdr 



A(i) 4 /^ 1 )- 1 J M<R A-i(t)|x| X(t) 



t+dx-^t) , <up+i 



U(X ; T , )|P dxdr > A(t)V0>-i)-i^ 

= x(tf- 2s p m . 

3.4 The Duhamel Formula 

The following Duhamel formula will be frequently used in later sections. 

Proposition 3.6. (The Duhamel formula) Let u be a minimal blow-up solution de- 
scribed above with a maximal lifespan L = (T_ , oo) . Then we have 



T 



((r-ty=5) 



d t u(t) = - lim / cos((r - t)-/^A)F(it(-r))dr. 
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«(t) = f hm_y r ; F(«(r))dr; 
S^ u (t) = ^lim J cos((t-T)^A)F(u(T))dT. 

Given a time t 6 /, f/iese limits are weak limits in the space H Sp x H 8 * -1 . If J is a closed 
interval compactly supported in I, then one could also understand the formula for u(t) as 
a strong limit in the space L q L r (J x R 3 ), as long as (q,r) is an s p -admissible pair with 



Remark Actually we have 

I r T ^(r- t) ^K) F{u{T))iT ^ t aw 

d t u{t) 



T 



y - J cos((t - t)V^A)F(u(r))dT j 



Thus we only need to show the corresponding limit of the last term is zero in order to verify 
this formula. Please see lemma [10.21 in the appendix for details. 

4 Energy Estimate near Infinity 

In this section, we will prove the following theorem for a minimal blow-up solution u(x,t). 
The method was previously used in the supercritical case of the equation, (please see [TT] for 
more details) In the supercritical case, by the Sobolev embedding, the energy automatically 
exists at least locally in the space, for any given time t G I. In the subcritical case, however, 
we need to use the approximation techniques. 

Theorem 4.1. (Energy estimate near infinity) Letu(x,t) be a minimal blow-up solu- 
tion as we found in the previous section. Then (u(x,t),dtu(x,t)) E H 1 x L 2 (R\ 5(0, r)) 
for each r > 0, t G I. Actually we have 

(\Vu(x,t)\ 2 + \d t u(x,t)\ 2 )dx < r- 2 ^- s v\ (14) 

T"<|x| <4r 

4.1 Preliminary Results 

Introduction to w(r, t) Let u(x, t) be a radial solution of the wave equation 

d\u - Au = F(x,t). 
If we define w(r, t), h(r, t) : R + x / — > R so that 

u>(|x|,i) = \x\u(x,t); h(\x\,t) = \x\F(x,t); 
then we have w(r,t) is the solution of the one-dimensional wave equation 

df w — d 2 w = h(r, t). 
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Lemma 4.2. Let (u(x,to),dtu(x,to)) be radial and in the energy space H 1 x L 2 locally, 
then for any < a < b < oo, we have the identity 

-i- / (\Vu\ 2 + \d t u\ 2 )dx = ( (\{d r w) 2 + (d t w) 2 ]dr) + (au 2 (a) - bu 2 {b)) 

47r Ja<\x\<b \Ja J 

holds (if we take the value of the functions at time to). 
Proof By direct computation 

rb rb 

/ [(d r w) 2 + (d t w) 2 ]dr = / [(rd r u + u) 2 + (rd t u) 2 ]dr 

J a J a 

= I [r 2 {d r u) 2 + u 2 + r 2 (d t u) 2 ]dr + / 2rud r udr 

J a J a 

= I [r 2 (d r u) 2 + r 2 (d t u) 2 + u 2 ]dr+ ! rd{u 2 ) 

J a J a 

= f r 2 [{d T u) 2 + {d t u) 2 ]dr+[ru 2 ] b a 

J a 

= 7- / {\Vu\ 2 + \d t u\ 2 )dx + bu 2 {b)-au 2 {a). 

47r Ja<\x\<b 

Lemma 4.3. Let w(r,t) be a solution to the following equation for (r,t) £ M + x / 

d 2 w — d 2 w = h(r, t), 

so that (w, dtw) G C(I; H 1 x L 2 (Ri < r < R2)) for any < R\ < R2 < 00. Let us define 

zi(r,t) = d t w(r,t) - d r w(r,t); 
Z2(r,t) = d t w(r,t) + d r w(r,t). 

Then we have (M > 0) 



4r \ I/ 2 

\ Zl {rM)\ 2 dr) 

r / 



a 



4r +M \ 1 / 2 

Zl (r, t + M)\ 2 dr) 



r +M 



(,-An) / rM \ 2 \ 

J h(r + t,t +t)dtj drj 



1/2 



(15) 



ift ,t + M € I; 



/ \z2(r,t )\ 2 dr) - / \z 2 (r,t -M)\ 2 dr) 
\Jr J \Jr +M J 

2 \ 1/2 

j 



1/2 



yj h(r + t,t -t)dtj drj 



< 



(16) 



if t , t - M G /. 
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Proof We will assume w has sufficient regularity, otherwise we only need to use the 
standard techniques of smooth approximation. Let us define 

z(r, s) = (d t - d r )w(r + s, t + s). 

We have 

d s z(r, s) = (d t + d r )(d t - d r )w(r + s,t + s) = h(r + s,t + s). 

Thus 

z(r,M) = z(r,0) + / h(r + t,t + t)dt. 
Jo 

Applying the triangle inequality, we obtain the first inequality. The second inequality could 
be proved in a similar way. 

4.2 Smooth approximation 

Let u(x, t) be a minimal blow-up solution. Choose a smooth, nonnegative, radial function 
(p(x,t) supported in the four-dimensional ball -E>(0, 1) C M 4 such that 

tp(x, t)dxdt = 1. 

<R 

Let d be the number given in proposition 13.31 If e < d, we define (both the functions u and 
F(u) are locally integrable) 

Ve{x,t) = -^ip{x/e,t/e); 

u e = u*(p e ; F e = F(u)*<p e . 
This makes u e (x,t) be a smooth solution of the linear wave equation 

dtu £ (x, t) - Au £ (x, t) = F £ (x, t). 

with the convergence (using the continuity of (u(t) , dtu(t)) in the space H Sp x H Sp ~ 1 ) 

(u £ (t ),d t u e (t )) -> (u(t ),d t u(t )) in the space H Sp x H^ 1 for each i G / 

and 

\\{u E (t ),d t u £ (t ))\\H^ X H a p- 1 ~ L 
In addition, if a — e & I, we have 

\\Fe{x,t)\\ Zap{[aM) < CO. 

Lemma 4.4. (Almost periodic property) T/ie following set 
is precompact in the space H Sp x H Sp ~ 1 for each fixed e < d. 
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Stretch of the proof Given a sequence {t n }, WLOG, we could assume 

A(t n )^A G [0,1]; 



x 



- , t r 



-d t u 



' i '"a 



\{t n fi^ \\{t n y n j ' A(i n ) 5 /2- Sp 1 \x( tn y 

by extracting a subsequence if necessary. Let u(x,t) be the solution of the equation JTJ) 
with initial data (uq,ui). By the long-time perturbation theory we know 



sup 

te[-d,d\ 



i 



TO'*" + A(fcy) | _ f u(t) 

d t u{t) 



0. 



This implies 

l 

I 



A(*„) 5 /2- Sp ^(a^J'*«) 



H"PxH a p- 



A(t„)5/2-s p ^ U (A(M'^ + Mtn)' 



<PeX(U) * 



(X,Q) 



u 

d t u 



d t u 



(x,0) + o(l) 
(x,0) + o(l) if A >0; 



+ o(l) if A = 0; 



Remark The error oil) tends to zero as n — > oo in the sense of the H Sp x H Sp norm. 



The Duhamel Formula By the almost periodic property above we know the following 
Duhamel formula still holds for u e in the sense of weak limit ii to — e £ I . 



Ue(to) 

dtu e (t ) 



+°° sin((T-t )v^A) 



to 



F e (x,r)dT; 



r+oo 

/ cos((r - t )V^A)F £ (x, t)cLt. 
Jt 



In the soliton-like or high-to-low frequency cascade case, we can also verify the Duhamel 
formula in the negative time direction. 



The idea to prove theorem 14.11 If we could obtain the following estimate 

(\Vu £ (x,t )\ 2 + \d t u £ (x,t )\ 2 )dx < Cr- 2( ^- s "\ (17) 

r<\x\<4r 

so that the constant C is independent of r > 0, to 6 / and e < Eo(r,to), then we would 
be able to prove theorem 14.11 by letting e converge to zero. One could read lemma 110.51 if 
interested in the details of this argument. 
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Remark We have to apply the smooth kernel on the whole non-linear term. Because if 
we just made the initial data smooth, we would not resume the compactness conditions of 
the minimal blow-up solution. 

Lemma 4.5. If \x\ > 10e, we have 

\ U ^ X M<^Zry We{x,t)\ < ]x?p/{p _ xy 

The constant C depends only on the upper bound sup tg/ \\(u,dtu)\\^ I 3 Px ^ I 3p~i. 
Proof This comes from the estimate ([9]) and an easy computation. 
4.3 Uniform Estimate on u £ 

In this subsection, we will prove the following lemma. It implies theorem 14.11 immediately 
by our argument above. The functions w £ (r,t) and Zi j£ (r,t) below are defined as described 
earlier using u £ (x,t). 

Lemma 4.6. Let to £ I and ro > 0, then for sufficiently small e, we have 

(\Vu £ (x,t )\ 2 + \d t u £ (x,t )\ 2 )dx < Cr Q 2(1 - Sp) . (18) 

'ro<|o:|<4ro 

The constant C could be chosen independent o/to> r o an d e. 

Step 1 Conversion to w £ (r,t) First choose e < min{ro/10, d}. If the minimal blow-up 
solution is a self-similar one, we also require e < to/2. Let us apply lemma FOl and lemma 
14.51 It is sufficient to show 



4ro 



(\d r w £ (r,t )\ 2 + \d t w £ (r,to)\ 2 )dr < Cr Q 2(1 ~ Sp) . 



In other words, 

r 4r o , . 

(\z u (r,t )\ 2 + \z 2 , £ (r,t )\ 2 )dr <Cr Q 2{1 Sp) . (19) 

Step 2 Expansion of z\ i£ Let us break (u £ (t),dtu £ (t)) into two pieces. 

u<»(t) = J U j= L F £ (x,r)dr; 

rto+lOOro 

d t uP(t) = - cos((r -t)yf^K)F e (x,T)dT. 



Jt Q +W0r \— A 

d t uf\t) = - cos((r-t)v /Z A)F £ (x,T)dr. 

itn+100rn 
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These are smooth functions and we have 

(u £ (x,t ),d t u £ (x,t )) = (uP(x,to),d t uP(x,t )) + (uf>(x,to),d t u^>(x,t )). 
(i) (i) 

Defining w £ , z\ accordingly for j = 1, 2, we have 

Zl,e(x,to) = z[^.(x,t ) + z[ 2) £ (x,t ). 

Step 3 Short-time Contribution we have u^P satisfies the wave equation 



d'fuf - A«i 1} = F £ (x,t), (x,t) el 3 x (*o ,+oo); 



\t=t + 100r 



G fl" s p- 



Thus ioP^ is a smooth solution of 



' dlwP - d?w { £ 1] = rF £ (r, t), (r, t) G R+ x (t , +oo); 

^e 1 |t=t +100r = 0; 
.(l)l 



dtW £ ; |t=t +100r — 0. 

Applying lemma and lemma H3J w e obtain 



4r X 1 / 2 



< 



< 



< 



' />4ro / /-lOOro \ 2 \ 

y (j (t + r)F e (t + r,t + t )^J drj 



1/2 



4ro / />100ro 



1/2 



(t + r) 



ro \y o 

4ro / /-lOOro 



2p 

(t + r)p-! 



dt dr 



4r | 



o (t + r) 1+ p-i 



k2 \ 1 ~' 

dt | dr 



r 4/(p-l) 



dr 



1/2 



1 



< 

I n 



Step 4 Long-time Contribution Let us define a cutoff function t) to be the char- 
acteristic function of the region {(x,t) : \x\ > t — to — 50ro}. By lemma l4"3j we know 



,oo)xR 3 ) 



r if 

Jt +100r \J\a 



x\>t— tg — 50ro 



\ V 2 
\F £ \ 2 dx) dt 



< 



to+100ro \J\x\>t-t -50ro \x\ 4p ^ p ^ 



v 1/2 
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< 



< 



< 



to+100ro 

oo 



li-io-SOrol^ 4 /^- 1 ) 



1/2 



dt 



1 



to+l00ro \t-to- 50r | 2 + p-i 
1 



dt 



~ 1 — 6 

r 



Applying lemma 12.121 we obtain 

(|Vn( 2 )(x,t )| 2 + \d t uf\ Xl t )\ 2 )dx < r 2 ^. 



>r <\x\<4r 

Applying lemma EOl and using the fact (plus Q) 

[|(«^(<d),ft«W(<d))[|^ xA -p-i 



S(-100ro) 



H sp xH sp-l 



u £ {t + 100r ) 
3tu e (t + 100r ) 

= ||(u £ (t + 100r ),a 4 u e (t + 100r ))||^ x ^- 
< sup\\{u,dtu)\\ ti s Pxti s p -i < 1, 



we obtain 



4ro 



(|a r 4 2 )(r,t )| 2 + |^ 2 )(r,t )| 2 )dr < rf^. 

i''o 



^5(r,*d)| a dr<rS 



2(s p -l) 



'■() 



Combining with the estimate for z^ £ , we have 

i-Aro 



zi >£ (r,t )\ 2 dr<rf Sp - l) . 



TO 



Step 5 Estimate of Z2,e We also need to consider Z2 )£ - In the soliton-like case or the 
high-to-low frequency cascade case, this could be done in exactly the same way as Z\ j£ . Now 
let us consider the self-similar case. 

Lemma 4.7. Let u be a self-similar minimal blow-up solution. If to < 0.3ro, Then 
(u(to), d t u(to)) is in H 1 x L 2 (\x\ > 0.9r ) with 

[ (\Vu(x,t )\ 2 + \d t u(x,t )\ 2 )dx < r^-'K 

J\x\>0.9r 

Proof We have (the Duhamel Formula) 

rt ° sin((t - t)V=A) 



u(t ) 



rk) 

d t u(t ) = / cos((t - t)V^A)F(x,t)dt. 
Jo+ 



F(x,t)dt; 
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f to sm((t - t)y/=E) „ . . . 

n = / -X(M > 0.5r )F(x,t)dt; 

rto 

ui = cos((t -t)\^A)x(\x\>0.5r )F(x,t)dt. 
Jo+ 

A straightforward computation shows ||x^ 1 ||l 1 l 2 ((o+,*o)xIR 3 ) ~ r o ■ This means {uo,u\) 
is in the space H 1 x L 2 (M. 3 ) with a norm < Tq p . By strong Huygens's principal we can 
repeat the argument we used in lemma 12.121 and obtain 

(u(t ), d t u(t )) = (tt , ui) in the region M 3 \ J3(0, 0.9r ). 

This completes the proof. 

Lemma 4.8. Let u be a self-similar solution. If to < 0.2ro and e < to/2, then we have 
[ (\Vu £ (x,t )\ 2 + \d t u e (x,t )\ 2 )dx < ro (sp_1) . 

Jr <\x\<4r 

Proof We have Vu £ = (p e * Vu, thus |Vu e | < ip e * |Vu|. Thus (we have e < O.lro) 

\Vu(x,t)\ 2 dx<r 2 { 



/ \Vu e (x, to)\ 2 dx < sup / 

Jr <\x\<4r te[t -e,t +e] JO.', 



I.9r <|x|<4.1r 

by our previous lemma. The other term could be estimated using the same way. 
Remark By lemma I4T21 and lemma I3~5"l this lemma implies (if to < 0.2ro) 

i>4r 



(\d r w £ (r,t )\ 2 + \d t w £ (r,t )\ 2 )dr < r 2( ^ 1} . (20) 



In the self-similar case, let us recall that we always choose e < min{ro/10, to/2, d}. By 
lemma B~8l and its remark, we only need to consider the case to > 0.2ro in order to estimate 
Z2,e- Applying lemma FOj we have 

4r \ V 2 / rt +3.8r \ V 2 

\z 2 ,e{r,to)\ 2 dr) < / \z 2y£ {r, 0.2r )\ 2 dr 



ro / V*o+0.8ro 



/ /-4r / ft -0.2r \ 2 \ V 2 

+ ly (j (t + r)F £ (t + r,t -t)dtj drj 



The first term is dominated by Tq p 1 because of (|20p . We can gain the same upper bound 
for the second term by a basic computation similar to the one we used for Zi e . 

Step 6 Conclusion Now we combine the estimates for zi e and z 2)£ thus conclude our 
lemma 14.61 and theorem 14.11 Applying lemma 14.21 we obtain 

Proposition 4.9. Let u(x,t) be a minimal blow-up solution as above, we have 

(\d r w(r,t )\ 2 + \d t w(r,to)\ 2 )dr < r 2 ^ . 



ro 

iro 



(\ Zl (r,to)\ 2 + \z 2 (r,to)\ 2 )dr < r 2 ^ . 
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5 Recurrence Process 



Starting Point Let u(x, t) be a minimal blow-up solution of ([T]) as we obtained in the sec- 
tion of compactness process with a frequency scale function A(i). In addition, the following 
set is precompact in the space H s x .fP _1 (R 3 ) for some s £ [s p , 1). 



1 



X 

-II I T~7"7T 3 t 



\{tf/2~s v y X (ty J ' \(tf/ 2 - s ? 



1 



-d t u 



X(t) 



:t€l 



In this section we will try to gain higher regularity than H s x H s 1 by assuming the 
conditions above. 



5.1 Setup and Technical Lemmas 
Definition Let us define 



S(A) = sup(A(t)) Sp s \\u >X (t)A\\YJit,t+dX-m)]y, 

tEl 

N(A) = sup(\(t)) s -- s \\P >mA F(u)\\ Za{[ttt+dX - im . 



By our assumptions on compactness and proposition 13.31 we have 

1 



{(A(i) 3 / 2 -^ 



X T 
'I i TT~T ; t ~\~ 



d t u 



x(ty A(t) j ' \{tf/ 2 - s v 1 \\{ty \{t) 



X T 
,t + 



:t e [o,d],t e I 



is uniformly bounded (and precompact) in the space H s x ij s . By the local theory of 
our equation with initial data in H s x i/ s_1 (If s = s p , please see proposition 13.41 and the 
long-time perturbation theory, otherwise see theorem 12.71 and I2.8P , we have 



\(ty/2-s P \x(ty" ' A(t) 

is precompact in the space y s ([0, d]). Thus we have 



>* + T7TT ) , T € [0,d] : t £ I 



1 



and 



A(t)3/2-» P ^A(i) 

1 



X T 



A(t) 



<1, 



x r 
it I ~rT~T j t -\- 



y.(M) 



A ( t )3/2- Sp ^ A ( t )' A ( t ) 
as j4 — )■ oo. If we rescale the first inequality back, we obtain 

(mr p - s \w\\ Yai%t+dX -, m < i => (A(t))^- s i|F(u)iu s([tit+(2A - 1W]) < i, 

which implies that S*(A) and iV(A) are uniformly bounded. In the similar way we can show 
S(A) converges to zero asi-^ oo, using the uniform convergence above. 
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Lemma 5.1. Bilinear Estimate Suppose U{ satisfies the following linear wave equation 
on the time interval I = [0, T], i = 1, 2, 

dfui - Am = Fi(x,t), 

with the initial data (ui\t=o, dtUi\t=o) = {uq,i, ui,i)- Then 

S = ||(P>fltii)(P< r lt2)|| p P 

% (II(«0,1» u 1,i)IIh-xH-i + ll F llk(.0) X (II(«0 ) 2,«1,2)||h. x h.-i + ll^2|U s (7)) • 

Here the number a is an arbitrary positive constant satisfying 

g<3 fl_.+ l-Rp-2)(.-.,)_2-.\ ff< 3 x izi. (21) 
~ V 2 2 P 2 P / 2 P 

Remark We can always choose 



3min{p- 3, 1} 
o- = a(p) = >0. 



Proof By the Strichartz estimate 

\\{P>r)ui\\ ?p 1/r 2- s ,a-| 

< IKD^P^iio.i.^r^flUi.OllH.xH.-i + \\D- a P> R F 1 \\ Zs{I) . 

\\(P <r )u 2 \\ 2p M(2-s u \ 

< ||(I>JP <r t 1 o ) 2,^P<r«l ) 2)||H.xH.-i + Px^<r^|U.(J). 

Our choice of a makes sure that the pairs above are admissible. Thus we have 

|| (P>fl«l)(P< r « 2 ) || _ r T -E- 

£s+l-(2p-2)(s-s p ) _^2-s 

< ||(P>il)«l|| ?£ M(2-s,aMP<r)U2\\ 2£ ,,,2-s t \ 

£ S +l-(2p-2)( s - Sp ) ^Vi^+a) £ s+ l_( 2 p-2)( s - Sp ) ^/(^p— 3^ 

X (||(DJP <r « 0) 2,^P<r«l 1 2)||H.xH.-i + ll^<r*2 ||z.(/)) 

< (||(P>^0,l,P>^l,l)ll^x^-i + ll^>^l|U.(/)) 
Xr CT (||(P< r W0,2,P<r«l,2)||^xH-i + II^Ps ||z,(/)) 

< the right hand. 

Lemma 5.2. Let u(x,t) be a function defined on I x M 3 , suc/i i/tai u is supported in the 
ball B(0,r) for each t £ I, then 

\\P >R F(u(x,t))\\ 2 a , < (^-) 2 ||n||P m . 
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Proof 



\\P >R F(u{x,t) 



1 



£«+l-(2p-2)( s - Sp )£2=7(J x R d) 



< -t\\P >R A x F(u(x,., ni = . 

R 2 ""l s +i-{2p-i)(s-s p ) x R 3 ) 



< 



< 



< 



< 



^\\A x F(u(x, 
1 



L s+l-(2p-2)(s~s p ) L —(I X IT) 



i? 2 is+ i_ (2p -2)( s - Sp ) i 2: 
1 



p-2 



#2il u Hy.(i)- 

Lemma 5.3. Let v(t) be a long-time contribution in the Duhamel formula as below 



v(to) 



Tz 



sin((t - t )V=A) 



F(u(t))dt, 



then for any to < T\ < T2, we have 

\\v(to)\\ L o 0{M s ) <(T 1 -t r' 2 ^- 1 l 

Proof Using the explicit expression of the wave kernel in dimension 3, we obtain 

" Ta sin((t - t )</=A) 



1 



< 



< 



Ti J\y-x\=t-t 4vr(t - t ) 
T2 r 1 



Ti 



\ J\y- x \ =t -t 47r(t - t ) 



-F(u(t))dtj (x 
F(u(y,t))dS(y)dt 
u(y,tWdS(y)dt 



Tz 



1 



-dS{y)dt. 



Tx J\y-x\=t-t Q {t - h) \y\p 2 -i 

In the last step, we use the estimate ([9]) for radial H Sp functions. If \x\ < \{T\ — to), then 
on the sphere for the integral we have 

1 



\y\ > \t-t \ - \x\ > -(t-t ). 



Thus for these small x, 



Tz 



sin((t - t )v /3 A) 



F(u(t))dt (x 



Ti 



< 



Tz 



Ti 



\y- x \=t-t (t ~ t ) (t - * )2 P /(P-1) 



dS{y)dt 
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< 



< 



< 



Tz 

Ti 
T 2 



(t-t ) 2 



—prdS(y)dt 



T2 1 



dt 



dt 



< (T.-to)- 2 /^. 
On the other hand, if x > \(T\ — to), by (|7|) we have 



T2 sin((t-t )v /Z A) 



< 



< 



Ti 
1 



F(tt(t))t&) 



| x |2/(p-l) 
1 



T 2 



sin((t - t )7^A) 



F(u(t))dt 



(Tx-to) 2 ^- 1 )' 
Combining these two cases, we finish our proof. 

Lemma 5.4. Suppose 5(A) is a nonnegative function defined in M + satisfying 5(A) — > 
as A — > oo. In addition, there exist a, {3 G (0, 1) and Z,w > 



Za + /3 > 1, 



suc/i that 



5(A) < 5(A' 3 )5 i (A a ) +A" 
is irue /or eac/i sufficiently large A. Then 

S(A) < A- 

for each sufficiently large A. 



(22) 



Proof Let us first choose two constants l~ and oj~, which are slightly smaller than I and 
uj respectively, such that the inequality l~a + > 1 still holds. By the conditions given, 
we can find a constant Aq ^> 1, such that the following inequalities hold 

S{A) < ~S(AP)S l ~ (A a ) + \a~ w ~ if A > A . (23) 

5(A) < 1/2 if A> Aq /q . 

Using the second inequality above, we know the following inequality holds for all A G 
[Aq, Ao] if uj\ is sufficiently small 

S{A)<A- W1 . (24) 

Fix such a small constant uj\ < uj~ . We will show that the inequality (|24p above holds 
for each A > Aq by an induction. We already know this is true for A G [Aq,Aq]. If 
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A e [Ao,Al /,B }, the inequality implies 

S(A) < ^S(AP)S l ~ '{A a ) + ^A-^ 

< \{A^ ((A a y^) 1 ' + 1 -a- 



< A' 



Here we use the fact that A a , A 13 G [^4q , Aq] if ^4 satisfies our assumption. Conducting 

(1/ 8) n (1/ 3) n ~^~^ 

an induction, we can show the inequality holds for each A 6 [^4q ,A q ] if n is a 
nonnegative integer. In summary, the inequality (|24[) is true for each A > Aq. Plugging 
this back in the original recurrence formula (|22p . we obtain for sufficiently large A, 



S(A) < A- UJ i(l 3 + la ) _|_ < ^-min{wi(/3+ia),a;}^ 

which indicates faster decay than A~ Ul . Iterating the argument if necessary, we gain the 
decay S(A) < A~ u and finish the proof. 

5.2 Recurrence Formula 

Under our setting in this section, given < a < (3 < 1 and £\ > 0, we have the following 
recurrence formula for sufficiently large A 

N(A) < S{A^)S p - l {A a ) + A~^- a ^ + A~ 2{ - 1 -^- (25) 
S(A) < JV(A 1_61 ) + A _ai W. (26) 

The constants cr(p), u\{p) depend on p but nothing else. 

Proof of the first inequality In the following argument, all the space-time norms are 
taken in [t,t + dA _1 (t)] x M 3 . 

\\P>X(t)A(F(u))\\ Z3 
< X(t)-^ s -^\\P >mA F(u)\\ 



l / s + l-{2p-2)(s-s p ) 

< X(t)-^- 1 ^~^\\P >x(t) AF(u <An{t) M r _a_ 

+ A(t)-^- 1 )^-^)||P >A(tM (F(«) - F(u<^ AW ))|| 2 , 

W - W £s+l-(2p-2)(s-s p )£ 2 - 

< A(t)-( p - 1 ^ a - a ^(/i + J 2 ). 
By lemma [5T2l we have 



h<(^nu\f Ys <(\(t)r^A-^\ 
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2 2 

For I 2 , we have (all norms unmarked are L s+1 ~( 2p - 2 '< s - s p' L 2 -" ([t, t + dA _1 (t)] x M 3 ) 



norms) 



I 2 < 



>A(t)A 



< 



< 



u >AP\(t) / F '(u<A^(t)+ T U >A f\(t)) d ' 
J 

'">A'3A(t) / ^'(«<A^A(t) + ™>A^A(t)) dr 

./o 



It 



l >A0\(t) / ^'(«<A^Art) + TU >AP\(t)) d ' 

Jo 1 

- u >Af\(t) / F '{ u A<*\(t)<-<A?>\(t) + TU >AP\(t))dT 

Jo 



+ 



< 



< 



+ 



u >Al\(t) / F '( u A<*\(t)<-<An(t) + TU >Af>\(t))dT 

Jo 

u >AV\(t) u <A<x\(t) / / F"(TU< AaX (t) + u A°\(t)<-<AP\(t) + TU >AP\(t))dTdf 

Jo Jo 

u >AP\(t) I F '{ u A°\(t)<-<AP\{t) + TU >AP\(t)) d ' 

Jo 

u >An(t) u <A<x\(t) 



'It 



X 



p p 

£s+l-(2p-2)0- Sp ) £2^ 



+ 



/ / F"(f U< AaX (t) + u A"A(t)<-<A/5A(t) 

Jo Jo 

+TU >A p X{t) )dTdf 



2p 2p 

£ (p-2)( s + l-(2p-2)(s- 3 p)) £(p-2)(2-s) 



>A#A(t) 
1 



2 P _ 2p 

L s + l-(2p-2)( s - 3 p) 



X 



F '( u A«\(t)<-<AP\(t) + ™>A^A(t)) d ' 




< 



2p 2p 

L (p-l)(s+l-(2p-2)(s- 3 p)) L (p-i)(2_ s ) 



< 



(A(i)) p ( s ~^ ^-(/3-«Mp) +5(^ /3 )5 p - 1 (^4 a )) • 

The bilinear estimate is used here to estimate the term u >A p X (t)U< A a X (t)- Collecting both 
terms and taking sup for all t £ I, we obtain the first inequality. 

Proof of the second inequality To prove the inequality (|26|) we first define U for i > 1 
given to € I. 

t i = t i - 1 +d\- 1 (t i - 1 ). (27) 

By the choice of d (please see proposition I3.3[) . all Vs are in the maximal lifespan /. By 
the Strichartz estimate and the Duhamel formula, we have 



n >A(i )Al|y s ([i ,ti]) 

00 sin((r - t)V=5) 



< 



* 2 sin((r - t)^/ z A) 



P >X (t )A F «T))dT 

P>\{t )A F (u(r))dT 



Y s ([t ,ti]) 
Y s ([to,ti]) 
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+ lim inf 

T->oo 



f 



sin((r - t)y^A) 
7^ 



^ \\ P >\(to)A F (u)\\z s ({t ,t 2 ]xl 



+ lim inf 

T->oo 



t-2 



sin((r - t)\/ z A) 



f >A(t )A- F («(^))^ 



n([*o,*i]) 



n([to,*i]) 



= h + h. 

The first term can be dominated by 

h ^ \\P>X{to)A F { u )\\z 3 {[t ,tx\x 

< 



+ ll- P >A(t )A i? ( M )IU s ([t 1 ,t 2 ]x] 



, _ (A(t )) s -^iV(^) + (A(ti))-"JV f^A 

< (x^y-^NiA 1 -^). 

for any small positive number E\ and sufficiently large A > Aq(u, £\), because A(io) and 
A(ti) are comparable to each other by the local compactness result (fTT|) . 
Now let us consider the term I<i- First of all, by ([7]), we have 



sin 



((r-tW=2) 



^>A(t )Ai ? (n(r))dr 



L°°L 2 ([t ,ti]xI 



< 



< 



1 



(A(to)A)'p 
1 



T 



sin((r - t)\/ z A) 



F(n(r))dr 



*2 



[*o.*iJ 



(A(io)A)^ 
Using lemma E31 we also obtain 



sin((r - t)^A) 

T sin((r-t) v /z A) 



i2 



< (A(to)) 2/(p - 1} . 



P >A(i())i F( U (r))dr 
F(u(r))dT 



L°°L°°([t ,ti]xR 3 ) 
L°°L°°([to,ti]xR 3 ) 



Using the interpolation between L 2 and L°°, we have 



>A(t )A 



sin((r - t) v /Z A) 



<2 



F(u(r))dr 



L°°L3=^([io,ti]xK 3 ) 



< 



,2s/3 

lL° c L oo ([t ,ti]xI 



i(3-2a)/3 
lL°°L 2 ([t ,ti]xI 



< [A(t ) 2/(p_1) ] 2s/3 [(A(t )^)~ Sp ] (3_2s)/3 

-s p (3-2a) 

= (A(t )) s - S M^^. 

Next we will use the interpolation again to gain the estimate of Y s norm. There are two 
technical lemmas. 
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Lemma 5.5. There exists a constant k = n(p) £ (0, 1) that depends only on p, so that for 
each s £ [s p , 1), there exists an s-admissible pair (q,r), with q ^ oo and 

s + l-(2p-2)(s-s p ) . .1 2-8 3 -2s , ,1 

I » — ^ = K -0+ i-« -; = «— ^— + (l-« -. 

2p q 2p 6 r 



Proof This is just a basic and boring computation. Please see the Appendix. 
Lemma 5.6. Given any s-admissible pair (q,r) with q < co, we have 



sin((T-t )^A) 
The constant C does not depend on to. 



lim 

T->oo 



F(u(t))cLt 



t-2 



Proof By lemma H0.4| we have 

sin((r - t)V^A) 

in the space L q L r ([t , h] x M 3 ). Thus 



lim 

T->oo 



F{u{T))dr = S(t - t 2 )(u(t 2 ),d t u(t 2 )) 



t2 



lim 

T-s-oo 



sin((r - t )\ /Z A) 



u(r))dT 



= \\S(t - t 2 ){u(t 2 ),d t u(t 2 ))\\ LqL r {[khtl]xI 

< \\(u(t2),d t u(t 2 ))\\Hs x Hs-l 

< (A(t 2 )) s - Sp 

< (A(to)r^. 

Now let us apply the two lemmas 



LiL r ([t ,ti]) 



lim inf 

T->oo 



< lim inf 



T 



P >X(t )AF{u(T))dT 



sin((r - t)^/^A) 

J ^^-^) P>Hto)A F(u(r))dr 



l-K(p) 



LiL r ([t ,ti]xl 



< 



< 



< 
< 



-Sp(3-2s) 

(\(t )y-^A—^ 



x lim 

T->oo 



T 



t2 



sin((r - t) v /Z A) 



F(n(r))dr 



l-/c(p) 



LiL r 



-s p (3-2s) 

(A(i )) s - S M^^ 



(A(£ )) (s ~ Sp)(1 ~ K(p)) 
s p k(p)(3 — 2s) 



(A(t )) s - S M 3 
{\{t )) s - s vA- ai ^ 



Here <7i(p) = n(p)/6. It depends only on p. 

Combining 1\ and J2 and then taking the sup for all t G J , we finish the proof of the second 
inequality. 
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5.3 Decay of 5(A) and N(A) 

Plugging the first recurrence formula into the second one, we gain 

5(A) < SiA^-^SP-^A^- 61 ^) + a-»(p)(i-*O(0-«) 

+ i 4-2(l-si)(l-j8) + _ A -<Ji(p) > 

Choose a, j3 and ei so that 

(1 _ £l )/3 = 2/3; (1 - £ X )a = 1/3; e x = 1/10000. (28) 

Then we have 

5(A) < 5(A 2 / 3 )5 p - 1 (A 1 / 3 ) + A~ a ^\ 
for sufficiently large A. Here the positive number (72 (p) depends on p only. 

02 = min{cr(p)/3,(7i(p),0.6}. 

Applying lemma [5^1 we have 5(A) < A~ a2 ^ for sufficiently large A. Plugging this in the 
first recurrence formula, we have N(A) < ^4 _CT2 (p) f or i ar g e A. Observing that both 5(A) 
and N(A) is uniformly bounded, we know these two decay estimates are actually valid for 
each A > 0. Now let us choose 

99 

si = min{l,s + — 0-2 (?)}; 



and define (local contribution of the Duhamel Formula) 

rt'+dXd')- 1 s in((r-t)v /Z A) 



t'+dX(t')- 



cos 



v V {t) = 

d t v t ' (t) = 
We obtain for any t < t' and integer k > 

P A(i')2'=<-<A(t')2 fc + 1 K'( t )' 9 i t 't , ( t )) 



F(«(r))dr; 



((r - t)-/=A)F(u(r))d? 



H s ixH B i~ 



< 



< 



< 



< 



(\(t')2 k yi- s p x{t , )2k< . <m2k+ i(vt>(t),d t v t ,(t)) 



H s xH s 



(X(t')2 k r- S P >m2k (v t ,(t),d t v t ,(t)) 



H s xH s-l 

Z s {[t',t'+d\(t')- l \) 



(\(t ; )2 k ) sl - s (\(t')) s - s PN(2 k ) 



< (A(t')) Sl_Sp (2 A; ) Sl ~ s ~ <T2 ^. 
Summing for all k > 0, we have 
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Combining this with 



we obtain 



||-P<A(t')( u t'(*)>^ w t'(*))|lH Slx H S1 -i 

< (A(0) si - Sp \\P<x(n(^(t),d t v t/ (t))\\ tiSpxAsp _ 

\\(v t >(t),d t vAMHn >< Hn-i<(my i - sp - 



(29) 



5.4 Higher Regularity 

In this section we will show (u(x , t) , d t u(x , t)) £ H Sl x iiP 1_1 (IR 3 ) for each tel. 
Center estimate Let us break the Duhamel formula into two pieces. 



u 



«(t) 

(2) (t) 



sin((r - t)\/ z A) 



sin((r - t)\/ z A) 

7^ 



F(u(r))dr; 



F{u(t))cLt. 



Let x De the characteristic function of the region {(x,t) : \x\ > dX 1^ +|t-ti|}. We have 

llx^(«(*))ll 



ti \J\x\> dX 2 1(t0) +|t-ti| 



(F(u)) 5 - 2s idx 



fit 



< 



< 



< 



< 



Su ( S\x 



l h \J\ x \ > *L^Hal + \ir- tl \ \\ x \£l ) 
( \ 



dx 



dt 



/•CO 








Jtl 


\ 


dX 


-Hto) 






2 


/•oo 






L 1 


\ 




2 




-s p 





1 



+ t-h 
+ t-h 



2p 6_ 



p— 1 5— 2s^ 
Sp— Si — 1 



/ 



By lemma 12.121 there exists a pair («o , "Si ) so that 

ll(«0.«l)ll#.ixH1-i(R3) £ A(t ) Sl ~ Sp , 

(n( 2 )(to),^n( 2 )(to)) = («o,fii) in B ( 0, 
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This implies 

(u(t ),d t u(t )) = (n + ^ (1) (io),ni +d t u (1 \t )) in B (o, . (30 ) 

By PS]), we have 

||(u«(^),^««(fe))||^ lxAn -i < A(to) Sl " Sp . 
Combining this with the iT S1 x i5P 1_1 bound of (£to,£ti), we have 

||(fio W^o),^ + ^ (1) (to))||^i X H-i-i £ H*)' 1 "*- (31) 

Tail Estimate Let (u' ,u[) = ^ dX -i {to y 4 (u(t ),d t u(t )), and 

1 _ 1 1 - gi 
g ~ 2 + 3 

By theorem 14.11 if r > dA (to)/4 3 we have 

1/9 / \i/2 

(iV^ + KHdx) < / (|Vu' | 2 + K| 2 )d* (r 3 )i~^ 



r<|a;|<4r / \Jr<\x\<4r 

< r -(l-a P )^ r 3j(l-ai)/3 

< r -(si-s p ) 

Letting r = 2 fc dA~ 1 (io)/4 and summing for all k > 0, we obtain that the pair (itQ,itj) is in 
the space W lA x L q (R 3 ) with 

K«o.«i)IUxW(R3) £ (dA(t )-74)- (si -^ < (A(t )) S1 -^. 
By the Sobolev embedding, we have 

K<<)\\Hn X Hn-^) S (Hto)) Sl - Sp - (32) 
Considering pU|) . (fHTj) . ([32]) and using lemma [231 we have 

||(n(to),^n(t ))|| Hslx ^i-i( R 3) < (X(t )) Sl - s ". 

5.5 Conclusion 

There are two cases 

Case 1 (si = 1) Now we have finished our argument and obtain the energy estimate. 
Case 2 (si < 1) This means s\ = s + 0.99o"2(p). Now let us consider the set 



A(t)3/2-», VA(t)' / ' A(t) 5 / 2 "^ VA(t) 

This is precompact in the space H Sp x ij s P -1 , and bounded in the space £P+°- 99cr 2(p) x 
^5-1+0.99^2 (p) 5 thus it is also precompact in the space H s+0Ma *<P> x jj»-i-HJ.98oa(p). 
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6 Global Energy Estimate and its Corollary 



Repeat the recurrence process we described in the previous section starting from the space 
H Sp x H Sp . Each time we either gain the global energy estimate below or gain additional 
regularity by 0.98cJ2(p). This number depends on p only. As a result, the process has to 
stop at H 1 x L 2 after finite steps. 

Proposition 6.1. Global Energy Estimate Let u(x,t) be a minimal blow-up solution. 
Then (u(to), dtu(to)) is in the energy space for each to € I with 

||Wio),3 t ^ia))||^ lxi2(R3) < A^o) 1 -^- (33) 

By the local theory, we actually obtain 

{u{t),d t u(t)) e C^H^M 3 ) x L 2 (M 3 )). 

Remark By lemma W?2\ we have the following holds for any < a < b < oo 

{d r w(t),d t w(t)) e C(I;L 2 x L 2 ([a,b})) 

6.1 Self-similar and High-to-low Frequency Cascade Cases 

In both two cases, we can choose ti — > oo such that A(ij) —> 0. This implies 

[ (\Vu(U)\ 2 + \d t u(ti)\ 2 )dx^0. 
By the Sobolev embedding, we have 

II \\P^ <^ II 1 1 33 — 1 11 n2 <• || up— 1 || ||2 (QA} 

\\U\\ LP+1(R3) ^ \m\ L l ( P -l) (R3) H n ll£ 6 (K 3 ) ~ ll M II^P(R3 ) ll U ll i /l( R 3 ) - 

This implies ||it(ti)llxJ+i(K3) — ^ Using the definition of energy we have E{ti) — > 0. On 
the other hand, we know the energy is a constant. Therefore the energy must be zero. 

Defocusing Case It is nothing to say, because in this case an energy zero means that 
the solution is identically zero. 

Focusing Case We can still solve the problem using the following theorem. By the fact 
that the energy is zero, we know u blows up in finite time in both time directions. But this 
is a contradiction with our assumption T + = 00. 

Theorem 6.2. (Please see theorem 3.1 in 11^ . Non-positive energy implies blowup) 
Let (uo,ui) E (H 1 x L 2 ) n (H Sp x be initial data. Assume that (uq,ui) is not 

identically zero and satisfies E{uq,u\) < 0. Then the maximal life-span solution to the 
non-linear wave equation blows up both forward and backward in finite time. 
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6.2 Soliton-like Solutions in the Defocuing Case 

Now let us consider the soliton-like solutions in the defocusing case. First we have a useful 
global integral estimate in the defocusing case. 

Lemma 6.3. (Please see 118^ ) Let u be a solution of |7]) defined in a time interval [0,T] 
with (u, dtu) G H 1 x L 2 and a finite energy 

E= f (-\V x u\ 2 + -\d t u\ 2 + ^—\u(x)\ p+1 )dx. 

For any R > 0, we have 

is f f i\Vu\ 2 + \d t u\ 2 )dxdt + -^ [ [ \u\ 2 da R dt 
ZK Jo J\x\<R ZK JO J\x\=R 



'0 J\x\<R ^ JO J\x\=R 

T r n _i r T r u,ip+i 



+ — — / / \u\ p+1 dxdt + - / / l —^—dxdt 

2Rp+lJ J\ X \ <R P+17o J\x\>R m 

+-L I \u(T)\ 2 dx < 2E. 

K J\x\<R 

Observing that each term on the left hand is nonnegative, we can obtain a uniform upper 
bound for the last term in the second line above 

Tr <^ 1 dxdt< «E±ll E . 



k J\x\>R M P-l 

Letting R approach zero and T approach T+, we have 

\u\ p+1 , , 2(p + l 



. . dxdt < — -E. (35) 

o Jr 3 Fl P- 1 

The energy E here is finite by our estimate (|34p . On the other hand, recalling our local 
compactness result (See lemma [375]) . we obtain (T + = oo) 



\u\P +1 
lo Jr 3 \ x \ 
This finishes our discussion in this case. 



dxdt = oo. 



7 Further Estimates in the Soliton-like Case 

Let u be a soliton-like minimal blow-up solution. We will find additional decay of u at 
infinity. The method used here is similar to the one C.E.Kenig and F. Merle used in their 
paper [11] for super-critical case. Throughout this section w(r, t), h(r, t), z\{r, t) and Z2(r, t) 
are defined as usual using u(x,t). 

Remark The argument in this section works in both the defocusing and focusing case. 
But we are particularly interested in the focusing case, because the soliton-like solutions in 
the focusing case are the only solutions that still survive. 
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7.1 Setup 

Let tp(x) be a smooth cutoff function in R 3 . 

r =0, N<l/2; 
c^rW £[0,1], l/2<|x|<l; 
[ = l, |x| > 1. 

Then by the compactness of u (Please see lemma l3T4"|) . \\ip(x/R)u(x,t)\\ ^ Sp converges to zero 
uniformly in t as R — > oo. Thus we have a positive function g(r) so that g(r) decreases to 
zero as r increases to infinity with 

\\cp(x/R)u(x,t)\\ A s p <g(R). 

This means for each \x\ > R 



.|2/(p-l) - l^p/Cp-l)' 

Let us define 

fp(r) = sup Ix^Kx,*)! 

teM,|a:|>r 

for /3 G [2/(p — 1), 1) and r > 0. This is a nonincreasing function of r defined from M + to 
[0, oo) U {oo}. Consider the set 

U = {(3 G [2/(p - 1), 1) : /^(r) ^ as r ^ oo}. 

This is not empty, since 2/(p — 1) is in U. Due to the estimate 

\xf\u(x,t)\ < C p \xf~^\\u(-,t)\\^ sp , 

we know if j3 G U, then fp(r) is a bounded function. By definition of fp, we have for any 
time t and |x| > r 

\u(x,t)\<^-. (36) 
This is a meaningful inequality as long as /3 G J7. 

Local Energy of u> Let (3 G J7. Applying lemma 1*01 to u; we have 

4r \ V 2 / r&ro+M \ V 2 

|zi(r,t )| 2 dr < / \ Zl (r,t + M)\ 2 dr 



ro / \Jro+M 



+ 



y (J /»(r + Mo + rfrj 



Let M — )• oo. Using proposition 14.91 we have 



f r4ro \ V 2 / Mro / rM \ 2 N 

/ |zi(r,t )| 2 ^ I < limsup / (/ (r + t)F(u(r + t,t + i))di J dr 

\Jr J M^oo yJr \Jo J 



1/2 
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(p4r / 
/ 
Jr \ 



x 2 \ V 2 



/ f-4r -1 



4r ! \ V2 

1/2 



r 



Similarly we have 



In summary we obtain 



4r ° ^V'V^ 



/ 1^2 (r, t ) I 
J rn 



^-5/2" 



/ rir 

/ |9^(r,t )| 2 + |a r w(r,t )| 2 dr 
The constant C p depends on p only. 



< C, 



Remark The estimate above holds as long as /3 > 2/(p — 1) and the inequality 

\u(x,t)\<^ 

holds for all \x\ > r > 0. 

7.2 Recurrence Formula 

We know w = ru is a solution to the one-dimensional wave equation 

d^w — d^w = r\u\ p ~ 1 u. 
Using the explicit formula to solve this equation, we obtain 



1 

r u(r ,t ) = - 



-III 



1 ro+if / r0 N 
+- / d t w [r,t - — I <ir 

2 A -^ V 27 

+- / 2 / rH p_1 « fr,*o- — + t]drdt 
2 y Jni+i V 2 / 

= h+I 2 + h. 
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By Cauchy-Schwartz and ([37|1 . we have 
\h\ < - i I 2 d t w ( 



2 \ ITQ. 

2 



r 



dr 



1/2 / 3ro 
2 



1/2 



ldr 



•//3 V 2 / 1/2 



P p/3-5/2'0 



Next we estimate I3 using ([36 
|/ 3 | < 



1 r o/2 [ Zro/2 -\( ui^m \ 

2 Jo 



r I ' ' ' ' — - I drdt 

r /2+t V rP ) 
VI 







While 



I'll < 



3r /^(3r /2) r ^(r /2) 
2 (3r /2)/^ + 2 (r /2)/3 
1-/ 



1 \ 1-/9 

1 \ . ,r . 



//>(- 



,1-/3 



Combining these three terms and dividing both sides of the inequality by Tq , we obtain 
(replace tq by r) 



r^|«(r,to)| < \ 



3r /I \ 1-/3 r 



Observing that the right hand is a nonincreasing function of r, we apply sup r > ro on both 
sides and obtain 



Thus 



Mro) < 5 



Mr ) < 



+ C P f p /j)rl~ (P ~ lW . (38) 



1-/9 



+ 



1-/3' 



//3(?) + ^(?K 2 - (P " 1)/3 - 



(39) 



7.3 Decay of w(x, £) 

Let 



giP) 



1-/3 



+ 



1-/3' 



< 1. 
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Because fp(r) — > and 2 — (p — < 0, we know that there exists a large constant R, 
such that if ro > R, 



Thus we have for tq > R, 
This implies 



Ufa) < 



, ,5(/3) + l. 
log 2 (- 



fp(r)<Cr 2 

for sufficiently large r > R' . As a result, for each f}\ < /? — log 2 ( g ^2 +1 )> we have (Note that 
the logarithm is negative) 

Ix^Kx,*)! < / /3 (|a;|)|x| /3l - /3 < C|x|^ 1 -^ +Iog »( a ^ ±1 5 

as | a; | — > oo. This implies 

The Upper Bound of U Now we are ready to show supt/ = 1, if this was false, we 
could assume sup U = (3q < 1. Then we have for each f3 E U, 

g(J3)<G = maxL(^),g(-^\<l 
using the convexity of the function g. Thus 



log2 TT^ log2 IT^ >a 



This means 

This gives us a contradiction as (3 — > sup U. 

Decay of u Let /3 be a number slightly smaller than 1. We know f3 E U. By (|37p . we 
have 

4ro / riro \ I/ 2 / />4r \ I/ 2 

|c? r w(r, to)|^ r < I / |d r io(r, to)| 2 ^ r ) I / ^dr 

ro \Jro / \-/ro 

C pfp( r o) 1/2 



< 



< 



p/3-5/2 '0 



We can choose (3 E £/ so that p/3 — 3 > by the fact p > 3. Thus we have 



/oo 
\d r w(r,t )\dr<C p ,p. (40) 
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In addition for r < 1, 

\w(r,t )\ = r\u(r,t )\ < C\\u{t )\\ kSp r 1 '^ < C\\u{t )\\^ Sp • 

Combining the two estimates above, we know that \w(r, t)\ is bounded by a universal 
constant C\ for each pair (r, t). Thus 

KM)|<£t. (41) 



Plugging this in the definition of fp(r), we have 



f/3( r o)= sup |x|^|ti(x, t) | < sup Ci|x|^ 1 = CiTq 1 

|x|>ro \x\>ro 

Plugging this in (f37|) . we obtain 

\d t w(r,t )\ 2 + |9 rW (r,t )rdr 1 < (42) 



4ro \ I/ 2 1 

2 , in . \|2 - * 1 



' ''() 

By lemma |4T2| the estimates (|4ip and (|42p imply 



/ (IV^^P + I^Cx,*)! 2 )^^^ 1 . (43) 

Jr<|x|<4r 

8 Death of Soliton-like Solution 

8.1 Solitons in the Focusing Case 

In order to kill the soliton-like minimal blow-up solutions, we need to consider the solitons 
of the wave equation. It turns out that there does not exist any soliton for our equation. 
The elliptic equation 

- AW(x) = \W{x)\ p ~ l W{x) (44) 

does admit a lot of radial solutions. However, none of these solutions is in the space H Sp . 
Among these solutions we are particularly interested in the solutions satisfying the same 
kind of property at infinity as (|4ip . 



Proposition 8.1. The elliptic equation ft44j ) has a solution W${x) so that 

• Wc^x) is a radial and smooth solution in M 3 \ {0}. 

• The point is a singularity ofWo(x). 

• The solution Wo(x) is NOT in the space H Sp 

• Its behavior near infinity is given by (\x\ > Rq) 



W (x) - -L 
\x\ 



<jjL; |VWb(x)|<j^. (45) 



Please see the last section for a complete discussion of this solution. 
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Idea to deal with the soliton-like solutions We will show there does not exist a 
soliton-like minimal blow-up solution in the focusing case. This conclusion is natural be- 
cause there is actually no soliton. However to prove this result is not an easy task. We 
will use a method developed by T. Duyckaerts, C. E. Kenig and F. Merle as I mentioned 
at the beginning of this paper. In their paper [3] they use this method to prove the soliton 
resolution conjecture for radial solutions of the focusing, energy-critical wave equation. The 
idea is to show that our soliton-like solution has to be so close to the solitons ±Wo(a;) or 
their rescaled versions that they must be the same. But the soliton we mentioned above is 
not in the right space. This is a contradiction. In order to achieve this goal, we have to be 
able to understand the behaviour of a minimal blow-up solution if it is close to our soliton 
W Q (x). 

8.2 Preliminary Results 

First of all, we recall a lemma proved in [5]. 

Lemma 8.2. (Energy channel) Let (vq,vi) G H 1 x L 2 be a pair of radial initial data. 
Suppose v(x, t) is the solution of the linear wave equation with the given initial data (vo,vi). 
Let w(r,t) = rv(r,t) as usual, then for any R > either the inequality 

/ (\Vv(x,t)\ 2 + \d t v(x,t)\ 2 )dx > 2vr / (\d r w(r, 0)| 2 + \d t w(r, 0)\ 2 )dr 

J\x\>R+t JR 
holds for all t > 0, or 

(\Vv(x,t)\ 2 + \d t v(x,t)\ 2 )dx > 2vr / (\d r w(r, 0)| 2 + \d t w(r, 0)\ 2 )dr 

\x\>R-t JR 
holds for all t < 0. 

Definition of Vn(x,t) Let us define (R > 0) 

uy ' ' \ Wo(M), if \x\ > R+\t\. y ' 

Now let us consider the norms of Vr. By (|45p . we have 

W (x) < % 
\x\ 

for each |x| > R. Thus if ^ + ^ < 1, 
l|VR||z9Lr (RxR 3) = (j(J^\V R {x,t)\ r dx\ dtj 



< 



[ ((R+\t\f\W (R + \t\)\ r + [ \W (x)\ r dx) dt 

JR \ J\x\>R+\t\ J 



1/'/ 
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\ q/r \ 1 /l 

< C R \ I ( (R+\t\f- r + I \x\- r dx) dt 

\x\>R+\t\ / 



/ ((fl +|*|)3--+ f 

JR \ J\a 
< r C R (Jj(R+\t\) 3 - r ) q/r d?j 
<r, q C R (RW+l) 1/q 



< r , q C R Rr + "\ 

Thus the following norms are all finite for R > 0. 

||VR||y sp (R) < °°; ||Vr|| l 2p/(p-3) L 2 p ( RxM 3) < oo. 

Furthermore, if R is sufficiently large R > R', we could choose C R = 2, thus 

IIVrII^cr) < R*- 8 *; \\V R \\ L2p/(p - 3)L 2 P{M3) < R- 1 ' 2 . (47) 
8.3 Approximation Theory 

Theorem 8.3. Fix 3 < p < 5. There exists a constant 5o > 0, such that if 5 < So and we 

have 

(i) A function V(x,t) € L 2 p/(p-3) l 2 p(I x R 3 ) with \\V(x,t)\\ Ysp (i) < 6. Here I is a time 
interval containing 0; 

(ii) A pair of initial data (ho, hi) with 

\\(ho, Mll.ffixL2( R 3) < S, \\(ho,h 1 )\\jj Spx jj Sp -i( K3 j < 5. 

Then the equation 

' d}h -Ah = F(V + h)- F(V), (x, t) e R 3 x /; 
< h\ t =o = h ; 
, d t h\ t =o = hi 

has a unique solution h(x, t) on I x M 3 so that 

\\ h \W Sp {i) ^ C p^ 

sup\\(h,d t h)-(h L ,d t h L )\\ HlxL2 ^C^WihoMWH^v 
tei 

Here (hL,dfhi) is the solution of the linear wave equation with initial data (ho, hi). 

Stretch of Proof In this proof C p represents a constant that depends on p only. In 
different places C p may represent different constants. We will also write Y instead of Y s (I) 
for convenience. By the Strichartz estimates, we have 

\\F(V + h)- F(V)\\ Zap < CpWhWymfy 1 + Hyil^ 1 ); 

\\ F( y + /,(!)) _ F( y + h m )hsp < Cp ||^(i) _ h (2) h{ \\ h (D + || fe (2) + i^iip-I). 
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By a fixed point argument, if 8 is sufficiently small, we have a unique solution h(x,t) defined 
on I x M 3 , so that \\h\\Y < C p 5. Now by Strichartz estimates, if 5 is sufficiently small 



4p 4p 

L lJ ~P LP~ :i 



< C p (\\(h , hi)\\^ xL 2 + \\F(V + h)- F(V)\\ L iv) 

< c p (||(^o,/m)||^ xL2 + ^^(ll^lir 1 + IMly" 1 )) 

< Cp||(/lO,/ll)|lijl xL 2 +Cp^~ 1 ||/l||^^^_4p 3 

< CJ(fo,/ii)[|^ xia + (l/2)||fc|| 4_. r J, 



Thus 



This gives us 



sup || (^,9^)- (^,5^)11^^ < CpUFC^ + ^-F^)!!^ 



jP" 1 I IIT/IIP- 1 ^ 



< C p \\h\\ 4^ J,(\\h\\Y +\\V\\Y ) 
L^-p Lp-'- 1 



8.4 Match with W (x) 
Using the estimate (|42|) . we have 

p4ro / />4ro \ V 2 



\d r w(r,t)\dr < (jf |_ r u>M)| 2 drJ r^ 2 < 



This means 



9 r u;(r,t)|dr <-^. (48) 



i>-3" 

ro ' n 



Thus we know the limit limj._5.00 w(r, t) exists for each t. 

Case 1 If Hindoo w(r, 0) = 0. Then in the rest of this section, set W(x) = 0. By (|4"8"j) we 
have 

|u>(r,0)l < 



r p-3 ' 

Thus 

\u o (x)-W(x)\ = ri \w(\x\,0)\< ' 



X X 



P-2- 



Case 2 If lim r 

— >oo w(r, 0) 7^ 0. WLOG, let us assume the limit is equal to 1. Otherwise 
we only need to apply some space-time dilation and/or multiplication by —1 on u. 
In the rest of this section, set W(x) = Wq(x). Thus by (|4"8"|) we have 

f°° 1 
\w(r, 0) — 1| < / \d r w(r, t)\dr < 



r 



r p-3 ' 
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U {X - —r 

\x\ 



< 1 



Dividing this inequality by r, we have 

1 

. <. 

\x\ 

Combining this with our estimate for Wq(x), we have for large x 

\uo(x)-W(x)\< ' 

8.5 Identity near infinity 

Theorem 8.4. Let W(x) = Wq{x) or W(x) = 0. Suppose u{x,t) is a global radial solution 
of the equation {7J) with initial data (uq,ui) satisfying the following conditions. 

(I) («o,«i) G H s ? x H'p- 1 . 

(II) The following inequality holds for each f £ 1 and r > 0. 

f (\Vu(x,t)\ 2 + \d t u(x,t)\ 2 )dx < Cir -1 . (49) 

J r<|x|<4r 

fl/Jj M^e /iaue tio(x) and are very c/ose to each other as \x\ is large. 

\u (x)-W(x)\<j-^. (50) 

Then there exists Ro = Ro(Ci,p) such that the pair (uq(x) — W(x), u\{x)) is essentially 
supported in the ball B(0,Rq). 

Remark There are actually two separate theorems, both could be proved in the same 
way. If W{x) = Wo (x) (the primary case), then define Vr as usual in the proof below. 
Otherwise if W(x) = 0, just make Vr = 0. 

Proof Let us define for R> Ro 

9o = ^r(u - W); gi = Vrui. 
G(r) = u {r) - W(r). 

Choose a small constant 5 = S(p), so that it is smaller than the constant 5q in theorem 18.31 
and guarantees the number C p 5 p ~ l in the conclusion of that theorem is smaller than e(p), 



which is a small number determined later in the argument below. By the condition (|49p 
and the properties of W(x), we know (R > 1) 

/ (\Vg \ 2 +9 2 i)dx < CllP iT 1 ; 

(|V 50 | 3(P - 1)/(P+1) +^ 1)/(P+1) )^ < Cl , p i?-3(p-3)/(p+l). 

As a result, if Ro = Ro(Ci,p) is sufficiently large, we have the following inequalities hold as 
long as R > Ro. (We use the Sobolev embedding in order to obtain the second inequality) 

ll(5Q,5i)lliji X L2 < S; \\{go,gi)\\Hs PxtiSp -i < 5; 
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II^RolkpOR) < & 

Let g be the solution of 

dfg-Ag = F(V Ro +g)-F(V Ro ) 

with the initial data (go,gi) and g be the solution of the linear wave equation with the same 
initial data. On the other hand, we know u(x,t) — W(x) is the solution of the equation 

d 2 u -Au = F(W + u)- F(W) (51) 

in the domain M x (M 3 \ {0}) with the initial data (u$ — W, u\). Let K be the domain 

K = {(x,t) : \x\ > \t\ + R}. 

Considering the fact W(x) = VR (x,t) in the region K and the construction of (go,9i), we 
have 

u(x, t) - W(x) = g(x, t); d t u(x, t) = d t g(x, t) 



in the domain K by the finite speed of propagation. Using our assumption (|49[) and the 
decay of W(x) at infinity, we have 

lim ( (\Vg(x,t)\ 2 + \d t g(x,t)\ 2 )dx^0. (52) 

t^±oo J lxl>W+R 



Using lemma [8T2T WLOG, let us assume for all i > 

/ (\Vg(x,t)\ 2 + \d t g(x,t)\ 2 )dx > 2vr f° (\d r (rg (r, 0))| 2 + r 2 \ gi (r, 0)| 2 ) dr. 
J\x\>R+t JR v 7 

That is 



\\ I (\Vg \ 2 + gl)dx\-2KRg 2 (R). 
2 \J\x\>R J 



(\V~g(x,t)\ 2 + \d t g(x,t)\ 2 )dx> 

\x\>R+t 1 

Combining this with (|52p . we have 

Hmmf \\(g(x,t),d t g(x,t)) - (jg,dtg)\\frxV*Qx\>R+t) 

> \ \ [ (|V<7o| 2 + 9 2 i)dx - 2irRg 2 (R) 
\ 2 J\x\>R J 

On the other hand, we have the following inequality by theorem 18.31 

\\(g(x,t),d t g(x,t)) - (g , d t g)\\ kl x L2 < CpS**' 1 ^, &)||jji xL a ^ £ (p)\\(9o, 9i)\\mxL^ 

Considering both inequalities above, we have 

\ [ (|V# | 2 + 9l)dx - 2irRg 2 (R) < e 2 (p) [ (\Vg \ 2 + gl)dx. 

£ J\x\>R J\x\>R 



Thus 

' r ,7 



/ (\Vg \ 2 + g 2 )dx < f Rg 2 (R). (53) 

J\x\>R 1 - 2e 2 (p) 
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We have 

cmR 



rmtt 

\g (mR) - g (R)\ < / \d r g \dr 

JR 



mR \ V 2 / r mR ^ \ V 2 



< [ I \rd r go\ dr j I J -^dr 



< 



1/2 / 1 l \ 1/2 



< ( R9 ° {R) X /2 (l-±) 1/2 R-^ 



1 — 2e 2 (p) J \ m J 

<- (i^f 

By the fact p — 2 > 1, we can choose A; = G Z + such that (k + l)/k < p — 2. Let 
m = 2 k . Since 

(1 _ 1/m) v» < ! _ J_, 

we can choose e(p) so small that 

1 - 1/m \ 1/2 1 1 
< 1 = 1 



l-2e 2 (p)J ~ 2m 2 fc + x ' 

Plugging this in our estimate above, we obtain 

\g (2 k R)-g (R)\< (1 - -L)| 5o (i2)|. 



Thus 

\g (2 k R)\ > ^\go(R)l 
By the definition of go , this is the same as 

\G(2 k R)\ > ^\G(R)\. 

This inequality holds for all R > Ro. Now let us consider the value of G(Rq). If G(Rq) = 0, 
let us choose R = Rq. Thus we have go(R) = 0. Plugging this back in ([53]) . we have 
(^Ojffi) = (0,0). This means that (uq — W,u\) is supported in B(0,Rq) and finishes the 
proof. If |G(i?o)| > 0, then we have 

l g ( 2fc " fi o)|> (2fcw)( i +1)/ J GWI>0 

for each positive integer n. This contradicts with the condition (|50p because (k+l)/k < p—2 
by our choice of k. 
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Remark If one feels uncomfortable about the singularity at zero in the equation (|5ip . we 
could use the following center-cutoff version instead. Let <p be a smooth, radial, nonnegative 
function satisfying 

( 1, if \x\ > 1; 
if(x) = \ G [0,1], if \x\ G (1/2,1); 
[ 0, if \x\ < 1/2. 

Then u(x,t) — tp(\x\ / 'Rq)W$(x) is a solution to the equation 

' d 2 u - An = F{<p{\x\/R )W + u) + A(y(\x\/Ro)W {x)), (x, t) eK 3 x R; 
< n| t=0 = n -^(|x|/ J Ro)^oG^ Sp (M 3 ); 
k ft«|<=0 =«1 G i? s ^ X (» 3 )- 

For any T > 0, we know 

\\<p(\x\/Ro)Wo(x)\\ y ^q-t,t\) < oo; \\A(^(\x\/R )W {x))\\ Zap{[ _^ T]) < oo. 

In addition, the function A(ip(\x\/ Rq)Wq(x)) = —F(Wq{x)) in the region K. We can do 
the argument as usual in the proof above but avoid the singularity at zero with this new 
cutoff version of the equation ([51 p . This method also works in the proof of theorem 18. 5[ 
which will be introduced in the next subsection. 

Application of the theorem Now apply theorem 18.41 to our soliton-like minimal blow- 
up solution. All the conditions are satisfied by our earlier argument. Thus (uq(x) — 
W(x),ui(x)) is supported in the ball of radius Ro centered at the origin. In particular, 
because Rq depends only on the constant C\ and p, the same Ro also works for other time t 
as long as the condition ([50]) is true at that time. But by the finite speed of propagation, we 
know (u(x,t) — W{x), dtu(x,t)) is compactly supported in B(0, Ro + \t\) at each time t. This 
means the condition ([50]) is always true at any time. Thus the pair (u(x,t) — W(x),dtu) is 
supported in the cylinder -6(0, Rq) x E. 

8.6 Local Radius Analysis 

Let us define the essential radius of the support of (u(x,t) — W(x),dtu(x,t)) at time t. 
R(t) = mm{R > : (u(x,t) - W{x),d t u(x,t)) = (0,0) holds for |x| > R}. 

This is well-defined for our minimal blow-up solution. Actually R(t) < Ro holds for all t. 

Theorem 8.5. (Behavior of compactly supported solutions) Let W(x) = Wo (a;) or 
W(x) = 0. Let u(x,t) be a radial solution of the equation {!]) in a time interval I, so that 

(I) The pair (u(x,t),d t u(x,t)) G if^K 3 ) x L 2 (R 3 ) for each t G I. 

(II) The pair (u(x, 0) — W(x),dtu(x,0)) is compactly supported with an essential radius of 
support R(0) > R\ > 0. Then there exists a constant r = t{R\,p), such that 

R(t) = R(0) + |t| 

holds either for each t G [0, r] Pi I or for each t G [— r, 0] n J. 
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Remark If W(ic) = Wo(x)(the primary case), then define Vr 1 as usual in the proof. 
Otherwise if W(x) = 0, just make Vr 1 = 0. In this case we can choose r = oo. 



Proof By our previous argument, we have ||Vr 1 [|y (r) < oo. Thus we can choose r = 
r(i?i,p) > such that IIVr-J^ ([-t,t]) < <5- Here 5 is a small constant so that we can apply 
theorem 18.31 and make the number C P <5 P_1 < 1/100 in that theorem. If e < -R(O) — Ri, let 
us define a pair of initial data (<?o>5i) for each R S (R(0) — e, R(0)) 

This pair (go(x), gi{x)) is nonzero by the definition of R(0). 

By our assumptions on (uo,u\), we know the following inequalities hold for each R G 
(-R(O) — e, R(0)) as long as e is sufficiently small. (In order to obtain the second inequality 
we use the Sobolev embedding) 

\\{go,gi)\\Hi xL 2 < S; 

II (50,51)11^x^-1 < 8. 



Furthermore, we have 

\go(R)\ 



g (R(0))- / d r g (r)dr 
JR 

R{0) 



< 



< 



< 



< 



\d r go(r)\dr 



R 



R(0) 



\ 1/2 



R 



r 2 \d r g (r)\ 2 dr 



)(/:>) 

1/2 1 10 

(R(0) - R^ 1 - 



R(0) 

r r \d r g (r)\ dr f y r{q)r 

R(0) \ 1/2 

r 2 \d r g (r)\ 2 dr 



R{0)R 



R 



Thus 



R 9 l{R) < -j^-r / r 2 \d r g (r)\ 2 dr < — |— / (\Vg (x)\ 2 + \ 9l (x)\ 2 )dx. 



If e is sufficiently small, we can apply lemma I4T21 to obtain 



R(0) 



R 



\d r (rg (r))\ +r 2 gi(r) 



dr > 



0.99 

4ir 



R<\x\<R(0) 



(\Vg (x)\ 2 + \ gi (x)\ 2 )dx. 



Let g(x,t) be the solution to the linear wave equation with the initial data (go,gi)- By 
lemma 18.21 



dr 



/ {\V~g(x,t)\ 2 + \d t g(x,t)\ 2 )dx > 2tt \d r (rg (r))\ 2 + r 2 \ 9l {r)Y 

'\x\>R+\t\ JR L 
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= 2vr / \d r (rg (r))\ 2 + r 2 \ gi (r)\ 
JR L 

> 0.49 / (\Vgo(x)\ 2 + \ 9l (x)\ 2 )dx 

J R<\x\<R(0) 



'R<\x\<R(0) 

holds either for each t > or for each t < 0. WLOG, let us choose t > 0, then we have 



(a:,t),^§(a;,t))||fla x£a( | x | >Ji+t) > 0.7||(go,si)||£i xLa(K8) . (54) 
Let g be the solution of the following equation 

d 2 g -Ag = F(V Rl + g) - F(V Rl ), (x,t) G M 3 x J; 

<?|t=o = 5o; 

d*0|t=o = ffi- 
By lemma [8751 we have 

||(y(a;,t),^(x,t)) - (g(x,t),d t g(x,t))\\ AlxL2 < 0.01||(5- ,S'i)|| i ji xL 2 (R 3 ) 

for each t G [— r, r]. Combining this with (|54p . for t G [0, r] we obtain 

\\(g(x,t),d t g(x,t))\\ AlxL 2 {lx]>R+t) > Om\\{go,gi)\\Hi X L2 {R 3y (55) 

In addition, we know u(x,t) — W{x) is the solution of equation 

d\u -Au = F(W(x) + u) - F(W(x)), (a?, t) G M 3 x J; 
u\t=o = u - W; 
d t u\ t =o = ui 

in (R 3 \ {0}) x I. The initial data of these two equations is the same in the region {x : 
\x\ > R} and the nonlinear part is the same function in the region 

K = {(x, t) : \x\ > R + t, t G [0, r] n 1} 

Thus by the finite speed of propagation, we have g(x, t) = u(x, t) — W(x) and dtg(x, t) = 
dtu(x,i) in K. Plugging this in (f55|) . we obtain 

\\(u(x,t) - W(x),d t u(x,t))\\ tily , L2(lxl>R+t) > 0.69||(5 ,5i)IIhixL2(M3) 

for each t G in [0, r]. Since R < R(0), we know the right hand of the inequality above is 
positive by the definition of essential radius of support. Thus we have 

R(t)>R + \t\ (56) 

for all t G [0,t] n I. Letting R ->■ R{0)~, we obtain R(t) > R(0) + \t\. By the finite speed 
of propagation, we have R(t) = R(0) + \t\. 

Remark For each R G (R(0) — e,R(0)), we know that the inequality (|56|) above holds 
either in the positive or negative time direction. It may work in different directions as we 
choose different i?'s. However, we can always choose a sequence R{ — > -R(0)~ such that the 
inequality works in the same time direction for all R^s. This is sufficient for us to conclude 
the theorem. 
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8.7 End of Soliton-like Solution 

Now let us show R(0) = 0. If it was not zero, let R± = R(0)/2, and then apply theorem 
1831 We have (WLOG) R(t) = R(0) + t for each t £ [0,r]. Applying theorem [83] again at 
t = t, we obtain 

R(t) = R(0) + T + (t-r) = R(0) + t 

for t G [r, 2r], because (i) The same constant r works by R(t) > R(0) > Ri] (ii) The 
theorem may only work in the positive time direction, since we know the radius of support 
R(t) decreases in the other direction. Repeating this process, we have for each t > 0, 

R(t) = R(0)+t. 

But it is impossible since R(t) is uniformly bounded by Rq. Therefore we must have 
R(0) = 0. But this means either u = W {x) g H s p(R 3 ) or (u Q ,ui) = (0,0). This is a 
contradiction. 



9 The Solution of the Elliptic Equation 

In this section we will consider the elliptic equation 

- AW{x) = \W{x)\ p - l W{x). (57) 
It has infinitely many solutions. For example, 

Wi(x) = C\x\~ 2 ^-^ 

is a solution if we choose an appropriate constant C. We are interested in radial solutions 
of this elliptic equation. Let us assume W(x) = y{\x\). Here y[r) is a function defined in 
(0, oo). The function y(r) satisfies the equation 

y"(r) + -y'(r) + ^^yir) = 0. (58) 
r 

Let us show that the solution W${x) we mentioned earlier in this paper exists. 
9.1 Existence of W (x) 

We are seeking a solution with the property Wq{x) — 1/| X I clS X IS large. That is equivalent 
to y(r) ~ 1/r. Let us define p{r) = ry(r), then p(r) satisfies 

p"( r ) = F (p) = \prv 

We expect p(r) ~ 1 for large r's, thus let us assume p(r) = <p(r) + 1. The corresponding 
equation for p(r) is given as below 

0>) = _ffi+l). 

The idea is to show 

• (I) This equation has a solution in the interval [R, oo) with boundary conditions at 
infinity 0(+oo) = 0'(+oo) = 0, by a fixed point argument. 

• (II) We can expand the domain of this solution to M + . 
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The Fixed Point Argument Let us consider the metric space 

K = {<f>:<f>€C{[R,oo);[-l,l]), lim 0(r) = 0}. 

with the distance d(0i,02) = sup r |0i(r) — 02(01- O ne can check K is complete. Let us 
define a map L : K — > K by 



We have 



«**>-for(-^ 



(it (is. 



— ^p— 3 ' 

di ) ds < C r , 



-3 



Thus if R > is a sufficiently large number, then L is a contraction map from K to 

itself. As a result, there exists a unique fixed point <j>o(r). This gives us a classic smooth 
solution of the ODE in [R, oo). We have 0o( r ) < r 3 ~ p and its derivative <fi' (r) satisfies 



l0o(OI 



f( 



^(0o(*) + 1: 



dt 



< C p 



r p- 



2 ' 



Expansion of the Solution Now let us solve the ODE backward from r = R. We need 
to show it will never break down before we approach zero. Actually we have 



d /|0o + l| p+1 



dr 



rP-iU'J 2 



P+ 1 



+ 



^rP-VJ 2 > 0. 



Thus we have the following inequality holds for all < r < R as long as the solution still 

\Mr) + l\ p+1 , rP-V (r)| 2 



+ 



< C. 



P+l ' 2 

But this implies the solution will never break down at a positive r. Let us define 

0o(N) + i 



Wo (a) 



This is a C 2 , radial solution of our elliptic equation for \x\ > 0. Furthermore, we have for 
large x 



W (X) - -r-r 



mm 



< 



Cn 



X 



p-2 ' 



|VW (x) 



rcf>' (r) - 0o (r) - 1 



< 



a 



r=\x\ 



Now the remaining task is to show Wq(x) is not in the space H Sp . This implies Wq(x) must 
have a singularity at 0. It turns out that it is not trivial. For instance, if we repeat the 
argument as above in the case p = 5, then the solution we obtain will be a smooth function 
in the whole space, as below 

W{X) = (1 + 3|X| 2 )V2- 
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9.2 Radial H Sp Solution Does Not Exist 



Regularity Let us first show any radial H Sp solution of the elliptic equation must be 
in the space C 2 (IR 3 \ {0}). We know a radial H Sp function must be continuous except for 
x = 0. Using this in the elliptic equation, we have the solution is C 2 except for x = 0. 

Introduction to r e y{r) We assume W(x) = y(\x\). The function y(r) defined in R + is 
a C 2 solution of 

y"(r) + - r y'{r) + brVr) = 0. 
Let us define another C 2 (M + ) function 

2 



v(r) = r y(r), 6 = 



p-1 

If W(x) = y(\x\) is in the space H Sp , then we have 

lim v(r) = lim v(r) = 0. 

Plugging y(r) = r~ e v(r) in the equation for y(r), we obtain an equation for v(r), 

r V(r) + 2 ^~^ rv'(r) - ^_~^ (r) + \v\ p - l v{r) = 0. 



Multiplying both sides by v'(r), we obtain 

d ( o\v'(r)\ 2 p-3 2/ , \v(r)\P +1 \ 5-p,. /Nl2 . , 

— r 2 1 v 71 - r^v 2 (r) + = -r v'(r) 2 > 0. 59) 

dr \ 2 (p- l) 2 v 7 P + 1 / p- 1 ~ 

These identities imply 



Claim 1 There exist n, i?i > 0, such that the function f (r) does not admit any positive 
local maximum or negative local minimum in the set K = (0, r\) U (i?i, oo). Actually by 
the limits of the function v(r) at + and +oo, we know there exist r±,Ri > 0, such that 
v(r) < e for r G K. If e is sufficiently small, then the sign of the sum (in the equation) 

-J^§v(r) + \vr\(r) 

is the same as — v(r). If there was a positive local maximum or a negative local minimum 
in K, we would find a contradiction by considering the sign of v"(r), v'(r) and v(r). 



Claim 2 Let r\,R\ be the constants in Claim 1. Then in each of the intervals (0, r±) and 
(i?i,+oo), the function v(r) is monotone. (Namely it is nondecreasing or nonincreasing) 
Suppose this was not true. WLOG, let us assume s\ < S2 < S3 and v(s2) < v(ss),v(si). If 
we like, we can choose S2 to be a local minimum (a minimum in the interval [s\, S3]). Then 
by Claim 1, v(s2) must be nonnegative. Now we obtain 

(i) If Si < ri, then there must be a positive local maximum in (0, S2); 

(ii) If Si > R±, then this yields a positive local maximum in (s2, 00). 
In both cases we have a contradiction. 
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Claim 3 If v(r) is not the zero function, then at least one of the following inequality holds 

liminf r 2 \v'(r)\ 2 > 0. liminf r 2 \v'(r)\ 2 > 0. 

If both of these failed, by considering the integral of (|59p in the interval r = (e, M) and 
letting e — > + and M — > +oo, we would have 



5 — p 



r\v'(r)\ dr = 



P - 1 JO 

This means v'{r) = everywhere, so v (r) = 0. But we assume it is not the zero function. 

Contradiction If v (r) is not identically zero, WLOG, let us assume 

liminf r 2 1 v'(r)\ 2 > 0. 

This means there exist C > and r2 > 0, such that if r G (0, r2), we have r 2 |w'(r)| 2 > C. 
This means |v'(r)| > \fCr~ 1 . By Claim 2 v'(r) does not change its sign in the interval 
(0, ri). Combining this fact with the lower bound of |u'(r)|, we know the limit of v(r) does 
not exist at + . This gives us a contradiction. Therefore we have 

Theorem 9.1. If 3 < p < 5, then a radial H Sp (K i ) solution to the elliptic equation 

-AW(x) = \W{x)\ p - l W{x) 

must be the zero solution. 

Conclusion In summary, any radial nontrivial solution of our elliptic equation is not in 
the space H Sp (M. 3 ). In particular, Wo(a;) is not in the space i? Sp (]R 3 ). Actually we have 
lim sup 2 ._ s>0 + | x | 6 1 Wo (x) | > by the argument above. This gives us a singularity at zero. 

9.3 W (x) is smooth in R 3 \ {0} 

In this subsection, we will discover some additional properties of the soliton Wq(x). Assume 
that y(r) and v(r) are defined in the same manner as the previous subsection. 

Wq(x) is a positive solution If this was not true, we could assume that v (ro) = for 
some ro > 0. Then by we obtain 

for each r > r^. However the decay of implies (if r is large) 

v(r) <r e - 1 ; 

v '{r) = Or^yir) + r 6 y'{r) < r 9 ' 2 . 

This gives us a contradiction if we consider the limit of the left hand in the inequality (|60p 
using these estimates. 
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Remark Due to the fact that the function F is smooth in R + , A direct corollary follows 
that the function Wq(x) is smooth everywhere except for x = 0. 



10 Appendix 

10.1 The Duhamel Formula 

Lemma 10.1. Let 1/2 < s < 1. If K is a compact subset of H s xiP^ 1 with an s-admissible 
pair (q, r) so that q / oo ; then for each e > 0, there exist two constants M, 5 > such that 

||S , (t)(n ,-ui)|| L9L r(j xR 3) + ||5 , (t)(-u ,ni)|| L9L r([ M)Oo)x]R 3) 

+ l|5'( i )(' u 0,^l)||L9L'-((-oo,M]xR 3 ) < e 

holds for any (uq,ui) G K and any time interval J with a length \ J\ < 5. 

Proof Given (uq,ui) G H 8 x H s ~ l , it is clear that we are able to find M, 5 > so that 
the inequality holds for this particular pair of initial data and any interval J with a length 
\J\ < <5 by the fact q < oo and the Strichartz estimate 



If K is a finite set, then we can find M and 5 so that they work for each pair in K by 
taking a maximum among M's and a minimum among 5's. In the general case, we can 
just choose a finite subset {(uo^, ^i,z)}i=i,2,-,n of such that for each (uo,ui) G -ftT, there 
exists 1 < z < n with 

115(^(^0 - uo,i,uy - ui,i)||L9ir( M><R 3) < C||(u - u ,i,ui - «i,z)||h S>< h S -i < O.Ole, 

and then use our result for a finite subset. 

Lemma 10.2. (the Duhamel formula) Let u(x, t) be almost periodic modulo scaling in 
the interval I = (T_,oo), namely the set 



||5(t)(uo,ni)|| L9i r (RxR 3) < oo. 



= { ( x(tw^ u iwr 1 )' Mtw^ dtu ( W) ' ) : * G J } 
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Proof We have 



\\s(t - r)(u(r),a t u(r))|| iqLr{MxR 3 ) 

||S , (t)(n(T),a t n(r))|| L9L r ( [ a _ Tib _ T]x]R 3 ) 
S(t)(u { P,uP 



here 



(4 T U T) ) 



i 



LiL r {[X{T)(a-T),\(T){b-T)}xR 3 ) 

-d t u 



X(Tf/ 2 - s p " V A(T) ' " y ' A(T) 5 / 2 - s p ^ " V ' 

Given e > 0, let M, 5 be the constants as in lemma HU.ll It is clear that if T is sufficiently 
large, we have either (A(T) is small) 



or (A(T) is large) 



\{T)(b — T) — A(T)(a — T) = (6 - a)A(T) < 5; 



X(T)(b-T) < —M. 



In either case, by lemma [lU.ll we have — T)(u(T),dtu(T))\\ LqL rn a 



([a,b]xM 3 ) 



< e. This 



completes the proof of the first limit. 

In order to obtain the second limit, we only need to choose t\ S (to, +°°); set [a, b] = [to, t±] 
and apply lemma 110.31 below using the first limit and the following identity. 



^- r >(aS>)H- r >Utr))- 



Remark We can obtain the similar result in the negative time direction using exactly 
the same argument. This implies the corresponding Duhamel formula in the negative time 
direction. 

• Soliton-like Case or High-to-low Frequency Cascade Case 

^lirn^ \\S(t - T)(u{T),d t u(T))\\ LqL r {[aMxR3) = 0. 

weak lim S(t — T)( q TL ) = 0. 
T^-oo V d t u(T) J 

• Self-similar Case (let a, to > 0) 
lim \\S(t - T)(u(T),d t u(T))\\ LqLr{[aMxR3) = 0. 



T->0+ 



weak lim S(t —T)( J^^L | = 0. 
r->o+ V d MT) J 



Lemma 10.3. Suppose that {(uo, n , ui,n)}nei, * s a bounded subset of H s x H s so that 

lim \\S(t){uo,n,ui !n )\\ LqL r {[ o ]xR3) =0. 

Here (q, r) is an s- admissible pair and [i is a positive constant. Then we have the following 
weak limit in H s x i^ s_1 (IR 3 ), 

(uo,n,Ul,n) 0. 
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Proof Let us suppose the conclusion was false. This means that there exists a subsequence 
(WLOG, let us use the same notation as the original sequence) so that it converges weakly 
to a nonzero limit (uq,ui). We know the operator P : H s x H s ~ l — > L q L r ([0, /j] x M 3 ) 
defined by 

P(u ,ui) = S(t)(uo,u{) 

is bounded by the Strichartz estimate. This implies that we have the weak limit below in 
L<?L r ([0,/i] x M 3 ) 

On the other hand, we know P(uq n ,ui >n ) converges to zero strongly. Thus P(uq,ui) = 0. 
This means (uq,ui) = 0, which is a contradiction. 

Lemma 10.4. Assume s £ [s p ,l]. Let u(x,t) be defined on I = (T_,oo) and almost 
periodic modulo scalings in H s x H S ~ 1 {M?), namely the set 

K = { {wf^ u (m*)' wF^ dtu im 1 ))'-^ 1 



is precompact in the space H s x H s 1 (M 3 ). In addition X(t) < 1 for each t > 1. Then for 
any closed interval [a,b] C I and any s-admissible pair (q,r) with q < oo, we have 

Jim \\S(t- T)(u(T),d t u(T))\\ LqL rr [ab]xR 3) = 0. 

Proof One could use the similar method as used in lemma [10,21 by observing 

\\S(t-T)(u(T),d t u(T))\\ LqLr{[aMxm 
= \\S(t)(u(T),d t u(T))\\ LqLr([a _ T:b _ T]xR3) 



Here 



L5L r ([A(r)(a-T),A(T)(()-r)]xl 3 ) 



1 



A(T )3/2- Sp \\(T) ' J' X(Tf/ 2 ~ s p \A(T) ' 



10.2 Perturbation Theory 

Proof of theorem 12.61 Let us first prove the perturbation theory when M is sufficiently 
small. Let I\ be the maximal lifespan of the solution u(x, t) to the equation (pQ) with the 
given initial data (uq,Ui) and assume [0, T] C I f] I\. By the Strichartz estimate, we have 

\\u ~ u\\y Sp ([o,t]) < \\S(t)(u - fi(0),«i - u(0))\\ Ysp ([o,T]) + C p \\e + F(u) - F(u)\\ Zsp{[0>T]) 

< e + C p ||e|| Zsp{[0jT]) + C p \\F(u) - F(u)\\ Zsp{[0iT]) 

< e + C p e + C p \\u - u\\ Ysp{[ o,t])(\Hy~ p \[o,t]) + II s " u Wy~ p \[o,t])) 



< G, 



'pE + C p \\u - u\\ Ysp ([ ,T])(M p 1 + \\u - n||^J ([0jT]) ). 



By a continuity argument in T, there exist Mq = Mq(p),£q = £o(p) > 0, such that if 
M < Mq and e < £o, we have 

\\u - u\\ Ysp ([o,T]) < C v e. 
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Observing that this estimate does not depend on the time T, we are actually able to 
conclude I C by the standard blow-up criterion and obtain 



\u-u\\ Ysv{I) < C p e. 



In addition, by the Strichartz estimate 



sup 
tei 



u(t) 



u(t) 

d t u(t) J \ d t u(t) 

< C p \\F(u) - F(u) - e\\ Zsp(I) 

< a ' 



S(t) 



u Q - u(0) 
ui - d t u(0) 



< C, 



/• {\A\z Sp {i) + \\F{u) - F{u)\\ Zsp (i) 

~ 1 1 ^> — 1 . II ~np— 1 



e + \\u - u\\ Ysp{I) 



< C p s. 



H s pxH s p~ 



This finishes the proof as M is sufficiently small. To deal with the general case, we can 
separate the time interval / into finite number of subintervals {/?}, so that ||u||y ap (^) < Mo, 
and then iterate our argument above. 



Proof of theorem 12.81 Let us first prove the perturbation theory when M and T are 
sufficiently small. Let 1\ be the maximal lifespan of the solution u(x, t) to the equation 
(UJ with the given initial data (uo,ui) and assume [0,Ti] C [0,T] n I\. By the Strichartz 
estimate, we have 



l«-«l|y,([o,T 1 ]) < \\S(t)(u -u ,ui -fiOHy.Qo.Ta]) + C s , p \\F(u) - i ? (-u)|| Zs([0 ,T 1 ]) 

< C SjP \\(u -«o,«i -ui)\\fis X Hs-i +C s J\F(u) -i ? («)||z,([o,iy) 

< C 8 ,p\\(U0 - U ,Ul - Ul)\\f ISx jj s -i 



(p-l)(s-s p ). 



F(u) - F(u) 



£,H-l-(2p-2X«- Sp ) i 2=S([o,Ti]) 



< C, 



(p-l)(s-Sj,)|,_ 



p-1 



«-w||y.([o,ri]) lll u - u lly.([o,Ti]) 



+ u 



IP— 1 

^.([O-Ti]) 



< C. 



+C s , p T 1 (p - 1)(s "^ ) ||,i - n|| n([0jTl]) (\\u - u||^ ( | 0iTi]) + M^ 1 ) . 

By a continuity argument in Ti, there exist Mo = Mo(s,p),£o = £o(s,p) > 0, such that if 
M < Mq, T < 1 and ||(w - uo,ui ~ ui)\\h'xH'-^ - £ o, we have 



F - "lly.ao.Ti]) 



Observing that this estimate does not depend on the time T\ as long as T\ < T < 1, we 
are actually able to conclude [0,T] C by theorem 12.71 and obtain 



u - u\\y s ([o,t]) < C s J\(u - u ,m - ni)||^ Sx ^ s _i. 
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In addition, by the Strichartz estimate 



sup 

tei 



< 



u(t) 
d t u{t) 



S(t) 



)- 


( 


u - 


Uq 


u\ - 





u(t) 
d t u(t) 



< C s ,p\\(u - u Q ,ui - «i)||h s>< h*-i 
+C sv T { p- 1 ^ s ~ s ^\\u- 



+ C s jF(u)-F(u)\\ Zs{[0;T]) 



U\\Y S ([0,T]){\\U - u\\ Ys (io,T]) + W u Wy 3 ([o,t])j 



< C s , p \\(u - uo,ui - ui)\\f ISX f IS - 1 . 

This finishes the proof as M and T are sufficiently small. To deal with the general case, 
we can separate the time interval [0,T] into finite number of subintervals {Ij}, so that 
Il^l|y s (/,-) < and < 1, then iterate our argument above. 

10.3 Technical Lemmas 

Lemma 10.5. Suppose that (uo j£ (x), ui j£ (x)) are radial, smooth pairs defined in IR 3 and 
converge to (uo(x), ui(x)) strongly in H s p x H s p^ 1 (R 3 ). In addition, we have 

(\Vu , £ (x,t )\ 2 + \u 1>£ (x,t )\ 2 )dx < C 

lr <\x\<4r 

for each e < Eq. Then (uq(x),ui(x)) is in the space H 1 x L 2 (r < \x\ < 4r) and satisfies 

{\Vu {x)\ 2 + \ Ul (x)\ 2 )dx < C. 



I 

■J ri 



r <\x\<4r 

Proof By the uniform bound of the integral, we can extract a sequence £j — > so that 
d r uo,Ei( r ) converges to u' (r) weakly in L 2 (ro,4ro), and ui )£i converges to u\ weakly in 
L 2 (ro < \x\ < 4ro). Define 



We have 



/ 



u (r) = u (r ) + / u' (r)dr. 

J ro 

(|Vu (x)| 2 + |iii(x)| 2 )cfe < C. 



' ro<|a;|<4ro 

By the strong and weak convergence, we have immediately u\ = u\ in the region ro < \x\ < 
4ro. In order to conclude, we only need to show uq{t) = uo(r). Observing f(r)dT is a 
bounded linear functional in L 2 (ro,4ro) for each r\ £ (ro,4ro), we have 

n (n) = u (r ) + / u' (r)dT 

J rn 



/•n 

lim u , ei (r ) + lim / d r u , £i {T)d 
lim ( u , £l (r ) + / d r u , £i {T)dT 



= lim u , £i (ri) 

= «o(n)- 
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This completes the proof. 

Lemma 10.6. There exists a constant k = n(p) G (0, 1) that depends only on p, so that 
for each s G [s p , 1), there exists an s-admissible pair (q,r), with q / oo and 

s + 1- (2p-2)(s-s v ) , .1 2-s 3- 2s , 1 

Li: LS E£ = K .o+(l-/e)- ; = k + (1-k)-. 

2p y ' q 2p 6 V 'r 

Proof We will choose k = 1 — | G (0, 0.4). Basic Computation shows 

1 _ s + l-(2p-2)(s-s p ) _ s + l-(2p-2)(s-s p ) 

g " 2p(l - «) " 6^ G (U ' Vdj ' 



1 2-s k 3 - 2s 

- = — x 

r 2p(l — k) 1 — k 6 

2-s k 3 - 2s 

~~ 6 1-k X 6 

2-s 2 3 - 2s 2-s 

x , 

6 3 6 ' 6 

c i± 2 ~ s 



18' 6 
C (1/36,1/4) 

Thus we can solve two positive real number q, r so that the two identities hold. In addition, 
we have q G (3, oo) and r G (4,36). Furthermore, by adding the identities together, we 
obtain 

3 -Rp -2)(.- .,1 ^3-2. + 1 + 1 

2p 6 q r 

This implies 

11 3-(2p-2)(s-s p ) = 3-(2p-2)(s-s p ) < 
g r 2p(l - k) 6 ~ 7 

Using the same method, one can show 1/q + 3/r = 3/2 — s. In summary, (q,r) is an 
s-admissible pair. 
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